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PYTHAGORAS,
NICOMACHUS,
BOETHIUS,
DEE
AND THE
STORY OF “1,2,3,4"

This tale of “1,2, 3,4” spans over 1500 years. It connects Pythagoras (around 500 BC)
to Nicomachus (around 100 AD) to Boethius (around 500 AD) to Dee (around 1550 AD).
Let’s briefly review the lives of these wise philosophers of number.

Pythagoras

Pythagoras (ca. 575 BC- ca. 495 BC), known as the “Father of Num-
bers,” was born on the small island of Samos in the eastern Aegean. To escape
the tyrannical government of Polycrates, he moved to the Greek colony of
Croton, on the southern coast of Italy. According to later writers, the Greek
astronomer Thales encouraged Pythagoras to travel to Egypt and Phoenicia
to study with the wise priests. Upon returning to Croton he opened a school
where both male and female students learned religion, philosophy, music and
of course mathematics.

Pythagoras’ philosophy of mathematics is summarized by his sacred
tetraktys, an equilateral triangle consisting of ten points of four rows. It’s even
mentioned in the Pythagorean oath which has been poetically translated as:

“By that pure holy four lettered name on high, .
Nature’s eternal fountain and supply, e o 2
the parent of all souls that living be, e o o 3
by him, with faith find oath, I swear to thee.” e o o o 4
(Wikipedia, Pythagoras) The Pythagorean Tetraktys
is simply a triangle of ten dots

L J

The core of Pythagoras’ mathematical and musical cosmology can be seen by compar-
ing the various rows. The first interval is 1:2, the next is 2:3 and the last is 3:4. Pythagoras
could have arranged ten dots in the simpler pattern of two rows of 5, but it’s these ratios that are
important to him.




Nicomachus of Gerasa

Nicomachus of Gerasa, (ca. 60-ca.120) was born in Gerasa,
(now Jarash, Jordan) about 50 miles northwest of Jerusalem. Not
much is known of his life, but it is assumed he studied at Alexan-
dria, Egypt, the hub for Neo-Pythagorean mathematicians.

He was so prolific, it’s thought that he was a writer rather
than a teacher. He wrote Introduction to Arithmetic, Manual of
Harmonics, and Introduction to Geometry, and it’s thought he
filled out the quadrivium with an Introduction to Astronomy, but
this work has not survived. He also wrote a book about his hero
entitled The Life of Pythagoras.

Many of his’ ideas about the mystical aspect of number were incorporated in the later
Theology of Arithmetic, often credited to lamblichus (ca. 245-ca. 325). Nicomachus was obvi-
ously famous in his time, for as around 150 AD, the Roman author Lucian had one of his charac-
ters compliment another by saying “You calculate like Nicomachus.” (D’Ooge, introduction, p. 807-808)

Boethius

The next math text superstar is the Roman Anitius Boethius (ca.
480-523 AD). He was born to a powerful, aristocratic family, however,
his father died when Boethius was young. He was adopted into the
family of Symmachus. Not only was Symmachus his master, he also
became his father-in-law, as Boethius later married Symmachus’ daugh-
ter Rusticiana.

During Boethius’ youth, the cultural heritage of Rome was
waning as Theodoric the Great had captured and was ruling Rome. It’s
thought that Boethius might have studied in Athens or Alexandria be-
cause somehow he became an expert on Greek math and philosophy.

When Boethius weas only 20, his expertise came to the attention of Theodoric, who as-
signed him many projects, including designing a water clock and a sundial. When Boethius was
30, he became a consul to the Roman senate.

At 40, he became the “magister officiorum,” the head of the court and all government
services. Unfortunately, for reasons that are still unclear, Boethius was arrested for treason by
Theodoric.

Perhaps Boethius had been negotiating with Theodoric’s enemies in Byzantine Empire.
Or, as Boethius maintained, he was slandered by political rivals who didn’t like his tough stance
on corruption. Whatever it was, Theodoric took away Boethius’ wealth and titles, then threw him
in jail. A year later, Boethius was executed. (Masi, p. 64-65)

However, during that year of imprisonment Boethius wrote The Consolation of Philoso-
phy, “the work by which he is especially known.” (Marebon, p. 10)



This classic Christian text deals with concepts like free-will, chance, fortune, fate, Provi-
dence, and moral character. It was a best-seller throughout the Middle Ages. King Alfred the
Great, (849-899 AD) who saved Wesset (England) from being conquered by the Dane’s, translat-
ed Boethius’ Consolation into Anglo-Saxon. Geoffrey Chaucer (ca. 1342-1400) translated it into
what is now called Early English. During the Renaissance, the learned Queen Elizabeth, who
spoke 5 languages, also made an English translation from Boetheus’ Latin. (Wikipedia, Boethius)

Consolation had an influence on the writings of Chaucer (particularly in Troilus and Cri-
seyde), Dante, Sir Philip Sidney, Shakespeare and Dryden. (Masi, p. 45)

Boethius insists that the quadrivium (arithmetic, music, geometry and astronomy) must
be studied to fully understand the nature of things. Nature’s order, as found in these subjects, can
help a man learn moral truths about life. As Boethius puts it in Book 2 of Consolation:

¢... all this harmonious order of things is achived by love
which rules the earth and the seas, and commands the heavens.

But if love should slack the reins,
all that is now joined in mutual love would wage continual war,
and strive to tear apart the world, which is now sustained
in friendly concord by beautiful motion.

Love binds together people joined by a sacred bond;
love binds sacred marriages by chaste affections;
love makes the laws which join true friends.

O how happy the human race would be,
if that love which rules the heavens ruled also your souls.”
(Translated by Richard Green, in Masi, p. 41)

To Boethius, the beauty found in number theory is found in the nature of human relations.
Michael Masi, in Boethian Number Theory (1983) puts it this way:

“As the planets, the seasons, the four elements, nights and day
are all in proper order, held by the power of love,
so should relations between countries, individuals, and spouses be directed.”
(Masi, p. 41).

This brings us to two of Boethius’ other great works De Institutione Arithmetica (Prin-
ciples of Arithmetic or as it is more commonly called, Introduction to Arithmetic) and De Institu-
tione Musica.

Neither of these were as original as Boethius’ Consolation of Philosophy. The Intro-
duction to Music was probably based on Nicomachus’ Manual of Harmonics and Ptolemy’s
Harmonics. The Introduction to Arithmetic is basically just a loose translation of Nicomachus’
Introduction to Arithmetic (from Greek to Latin). The titles are the same, many chapter headings
are the same, and even many of the sentences and illustrations are essentially the same.

However, Boethius must be given credit for spreading Nicomachus wisdom throughout
Europe for centuries. From its publication around 500 AD, through the Dark Ages, the Middle
Ages and into the Renaissance, Introduction to Arithmetic was the premier elementary math
textbook. (A millennium is a long time to be on the best-seller list, but it helps if the book is
“required reading” in schools.)



John Dee

The fourth member of this quaternary of mathematicians in this story
of “1,2,3,4,” is John Dee. Among the books in Dee’s library was Nicoma-
chus’ Introduction to Arithmetic which had been reprinted in Paris in 1538.

(Roberts and Watson, 450 and B260, and p. 211).

Dee not only owned 8 copies of Boethius’ Introduction to Arithme-
tic, he also owned quite a few commentaries on it by numerous authors:

Roger Bacon

Bacon’s Opus Maius (Major Opus) published around 1270 emphasized the Boethian idea
that mathematics is essential to the understanding of natural and divine principles.

Luca Pacioli
Pacioli’s Summa de Arithmetica actually duplicates parts of Boethius’ Introduction to Arith-
metic,only in Italian. Many of the of the chapter titles were even left in Boethius’ original Latin
words. Pacioli also wrote the Divine Proportion in which Leonarda da Vinci did the illustrations of
the Platonic (and some of the Archimedian) Solids.
Pacioli recommended the study of mathematics to help understand “music, astrology, cos-
mography, architecture, law, and medicine.” (Pacioli in Masi, p. 51).

Georgius Valla
Valla was a doctor who wrote a book called De Arithmetica in 1501 (published in Venice
by the famed Aldus Manutius). To get a better understanding of physical health and moral philoso-
phy, the doctor prescribed the study of numbers.
Hudalrich Regius
Regius, in his 1550 Utriusque Arithmeticae Epitome, saw the mathematical sciences in this
order: arithmetic, optics, perspective and mechanics.

Nicomachus and Boethius texts don’t really deal with practical, day-to-day mathematical
calculations, which the Greeks referred to as logismos (reckoning or computation). Instead, they
were concerned with number ratios, how geometric forms relate to number, and how certain num-
bers are derived from other numbers.

Likewise, Nicomachus and Boethius’ musical texts, aren’t about the performance of vocal
or instrumental music. They are theoretical accounts of the mathematics of harmonic sound.

(Masi, pp 15-16)
Boethius’ and Nicomachus’ texts on Arithmetic deal with various aspects of number theory:
The interaction of odd numbers and even numbers,
The sieve of Eratosthenes and prime numbers,
Triangular and square numbers (as well as pentagonal, hexagonal, and heptagonal numbers.)
Arithmetic, geometric and harmonic ratios, as well as ratios in music.

I won’t expound upon these topics here, but there are 3 important connections I will
point out that give insight into Dee’s mathematical cosmology. One is a quote, the next is a chart
and the third is a diagram showing various ratios.



In the Preface to Euclid, just before his mentioning the Exemplar Number, Dee quotes
“the great and Godly Philosopher Anitius Boethius:”

“ Omni quaecunq
a primeava rerum natura constructa sunt,
Numerorum videntur ratione formata.
Hoc enim fuit principale in animo
Conditioris Exemplar.”

Which Dee translates as:
“All things
(which from the very first original being of things, have been framed and made)
do appear to be Formed by the reason of Numbers.
For this was the principal example or pattern in the mind of the Creator.”
(Dee, Preface, p. j)

Michael Masi’s 1983 translation of Boethius’ Latin reads like this:
“Concerning the Substance of Number

From the beginning, all things whatever which have been created
may be seen by the nature of things to be formed by reason of numbers.

Number was the principal exemplar in the mind of the creator.

From it was derived the multiplicity of the four elements,
from it were derived the changes of the seasons,
from it the movement of the stars and the turning of the heavens.”
(Boethius, in Masi, p. 76).

It’s pretty obvious Dee got the idea of using the word “Exemplar” from Boethius. And,
as Boethius basically paraphrased Nicomachus’ work, let’s see how Nicomachus originally

phrased it:
“CHAPTER VI

All that has by nature with systematic method been arranged in the universe
seems both in part and as a whole to have been
determined and ordered in accordance with number,
by the forethought and the mind of him that created all things;

For the pattern was fixed, like a preliminary sketch,
by the domination of number pre-existent in the mind of the world-creating God.

Number, conceptual only and immaterial in every way,
but at the same time, the true and the eternal essence,
so that with reference to it, as to an artistic plan, should be created all these
things, time, motion, the heavens, the stars, all sorts of revolutions.”
(Nicomachus, D’Ooge, p. 814).



In Boethius’ actual quote, he uses the Latin word “Exemplar.” Dee translates this as “ex-
ample or pattern” but then uses word in his expression, “The Exemplar Number.” What word
did Nicomachus originally use?

He used the Greek word “paradeigmatos” meaning “a pattern, a model, and example.”
Plato (in Timieus and Republic) used this word to describe a model that a sculptor or painter
might use.

The word paradeigma comes from paradeiknunai, “to exhibit side by side” (para mean-
ing “beside” and deiknunai meaning “to show”). As you might have guessed, this is where we
get the English word paradigm, meaning a typical example or pattern of something. (The phrase
“paradigm shift” was only coined in the 1970’s by the scientific philosopher Thomas Kuhn).

The related Greek word diegma means a sample, pattern or proof. In Latin, this word
became documentum, from which we get document and documentary. (Liddell/Scott, p. 595)

I’m not suggesting that Nicomachus or Boethius are making a cryptic reference to
12252240. They are saying that the Creator used all numbers as a pattern. In his explorations
into how number worked, Dee came upon this number, saw how it agreed with this mathematical
cosmology, and borrowed some of their Language to concisely describe it.

In Book 1, Chapter 19 of Introduction to Arithmetic, Nicomachus shows what might be
the first multiplication table in a Greek text. It’s hard to visualize it in Greek, so let’s look at it
with Arabic numerals.

It’s not a 1-to-100 chart. Aside 1203 4 5 6 7 8 9 10|
from 1,2,3,5,and 7, all the numbers are 204 6 8 10 12 14 16 18 20
composite numbers. Nicomachus provides 36 9 12 15 18 21 24 27 30
a play-by play of what’s important about 4 IR
hlS Chal‘t. 5110 15 20 25 30 35 40 45 50

. .« . 6 [12 18 24 30 36 2 48 54 60
First, he joins the 1-10 row along !

the top with the 1-10 column along the left
edge, making what he calls “the form of the
letter Gamma” (an inverted L-shape).

7 |14 21 28 35 42 49 56 63 70
8 |16 24 32 40 48 56 64 72 80
9 |18 27 36 45 54 63 72 81 90

10 (20 30 40 50 60 70 80 90 100

1to 10 form the Greek letter Gamma (I')

2|4 6 8 10 12 14 16 18 20\
3| 69 73 5 18 31 22 27 3 Next, he combines the second row and the
N : PR RN second column to make another “Gamma” shape.
s|10]15 20 25 30 35 40 45 50 He calls these diplasioi, the “doubles.” Reading
6|12]18 24 30 36 42 48 54 60 left to right, they are the “doubles” of the numbers
7| 14|21 28 35 42 49 56 63 70 above them. Reading up and down, they are the
ol E AT Ay sh @ T doubles of the numbers to their left. Do you know
R A why he doesn’t include 2 in this chart of “doubles,”
10]20]30 40 50 60 70 80 90 100 even though 2 is obviously double of 1? (I’ll give
The “doubles” also form the answer in a moment.)

a Gamma (I




He calls the third row and the third column
the triada or the “triples” or the “multiples of 3.”

But this time, he refers to the shape formed
by the row and column as being like the Greek
letter Chi, which is the shape of an X. (Like Dee,
Nicomachus is not bothered by the fact the X isn’t
equilateral or oriented like a cross.)

2 4 6| 8|10 12 14 16 18 20

3 6 9 |12(15 18 21 24 27 30

4 8 12 16 20 24 28 32 36 40|

5 10 15|20|25 30 35 40 45 50
6 12 18 (24|30 36 42 48 54 60
7 14 21|28|35 42 49 56 63 70
8 16 24 (32|40 48 56 64 72 80
9 18 27(36|45 54 63 72 81 90

10 20 30|40(50 60 70 80 90 100

The “quadruples "also
form the Greek letter Chi (X)

But then he stops there. He doesn’t point out the multiples of 5,6,7, 8,9, or 10 even
though they are quite apparent in the chart. (They continue to form chi shapes until the final 10-

100, which form another Gamma shape.)

Nicomchus stops because he is primarily interested in what I call “Story of 1, 2,3,4.”

Next, he identifies how to find the ratios
2:3 and 3:4 in his chart.

He points to the second and third rows
(and the second and third columns as well), as I
have highlighted here.

As Greeks expressed ratios by putting
the larger number (prologos) before the smaller
number (upologos), Nicomachus has us compare
the “triples” in the third row with the “doubles”
in the second row. The ratios 3:2, 6:4, 9:6,
12:8... are all examples of “hemiolion,” or the
3:2 ratio.”
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He makes another “Chi” from the
rows and columns of the tetraplasion,
the “quadruples,” or multiples of 4.
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Next, he compares the fourth row to the 2 4|6 8|10 12 14 16 18 20
third row (and the fourth column to the third 3.6 9 1215 18 21 24 27 30
column), pointing out all the numbers that are in 481206 20 24 28 32 36 40

5 10| 15 20|25 30 35 40 45 50

the ratio called “epitritos,” or the 4:3 ratio. All
these ratios, 8:6, 12:9, 16:12, 15:20... etc., are
equivalent to the ratio 4:3.

6 12| 18 24|30 36 42 48 54 60
7 14| 21 28 (35 42 49 56 63 70
8 16| 24 32|40 48 56 64 72 80

9 18| 27 36|45 54 63 72 81 90

10 20| 30 40|50 60 70 80 90 100

Ratios that are epitritos (4:3)

Nicomachus does not point out the comparison between the second and first rows is the
2:1 ratio, because he has already explained that the second row is “doubles,” which is the same
thing as the 2:1 ratio.

To the Greeks, 2:1 wasn’t really a ratio because they didn’t consider 1 to be a number.
This is why Nicomachus showed the “doubles” row as a Gamma shape and not a Chi shape.

Furthermore, he writes that “By Divine nature, not by our convention or agree-
ment...” the ratios (like 3:2 and 4:3) are of “later origin than the multiples” (“the multiples”
means the “doublings” row, the “triplings” row, ...). (Nicomachus in D’Ooge, p. 824).

This suggests that the 2:1 ratio is actually more important than the 3:2 and 4:3 ratios.

4 N\
hemiolios | 3:2 6:4 9:6 12:8 15:10
(differences) | 3-2=1 6-4=2 9-6=3 12-8=4  [15-10=5
Nicomachus does find a common thread These differences between the two terms of the hemiolios ratios...
between the 3:2, and 4:3 ratios
and the “doublings” (2:1 ratios) wirios | 4:3 g6 | 129 |1612 | 2015
by pointing out that the “differences” (differences) | 4-3=1 8-6=2 [12-9=3  [16-12=4  [20-15=5
ctween the memoers Oor a €Se ..are the same as the differences in the terms of the epitritos ratios...
bet th b f all th p
various ratios progress the same way:
singles 1 2 3 4 5
doubles 2 4 6 8 10
e
(differences) | 2-1=1 4-2=2 6-3=3 8-4=4 | 10-5=5
..and also the “differences” between the “doubles” and the “singles”

AN J

Finally, Nicomachus explains a few details
that are unrelated to analysis of the ratios.
He points out that 1, 10, 10, 100 are at the
corners of the chart, and that the diagonal contains
the squares of the members of the decad.

9
20 30 40 50 60 70

1,10 and 100 are at the corners
and this diagonal contains the
squares of the members of the decad

J




But essentially he was shown this “first Greek multiplication table” to help the student
grasp the “doublings” (the ratio 2:1), hemiolion (the 3:2 ratio), and epitritos (the 4:3 ratio), that
were so important in Pythagoras’ tetraktys.

There’s a big clue here in Nicomachus’ Chapter 19 that relates to the Monas Hieroglyph-
ica. In discussing the 3:2 ratio, Nicomacus explains that all the prologous (the first, and larger
number in a ratio) are multiples of 3 and all the upologous (the second, and smaller number in a
ratio) are multiples of 2.

These are the exact same two Greek words that Dee uses in his Artificial Quaternary Chart!
4 )

In the category Pondera (weights), Analytica
(Analysis) is the number 4 above the number 3.

But in Synthetica (Synthesis), upologous
(the second, smaller number) is above prologous (the
first, larger number). This suggests that Dee wants
us to see 3:4 as well as 4:3.

- J

The Greek words upologous and prologous are not very frequently used words in terms
of Greek mathematics. The comprehensive Liddell/Scott Greek Lexicon defines upologos as
“held accountable,” or “taking into account,” with no mention of its meaning in math. Likewise,
it defines prologos as the “prologue of a play,” again with not a word about its use in mathemat-
ics.

Indeed, even though Nicomachus discusses a great deal more about ratios in his text, this
reference in Chapter 19 seems to be the only reference to “prologous” and “upologous” in the
entire book! D’Ooge translates these words as “antecedents” (ante means before) and “conse-
quents” (con means “with” or “following”).

These terms, upologous and prologous are the only Greek words in his full-page Arti-
ficial Quaternary chart. The chart is all about mathematics. Nicomachus of Gerasa’s Introduc-
tion to Arithmetic was the most famous math book in history (Euclid’s Elements is mostly about
geometry). Thus, Dee is dropping a fat clue that we should study the various ratios Nicomachus
is highlighting in his well-known multiplication table.

| I 1] I v vi vil Vi v X

[ 11} vi Vi X Xl Xl XVI XVl XX

Incidentally, Boetheus’ table (in Roman
Numerals) is almost as confusing to the modern
eye as Nicomachus’ original table is (which used
Greek letters as numbers).

For the Greek terms prologous and up-
ologous, Boethius uses the Latin terms duces and
comites, which D’Ooge says literally mean “lead-
ers” and “followers.”

1] VY v xi XVoOXVIE XX XXV XXVIE - XXX

i Vi Xl Xvi XX XX XXV XXXIE XXXV XL

\ X XV XX XXV XXX XXXV XL XLV L

v X XVIE XX XXX XXXVE XL XL Lin LX

Vil XHE XXE XXVIE XXXV XL XLl LV WX LXX

VIE XV XX XXXIE XL XLVIIE LV LXIE LXXIE LXXX

VI XVIE XXVIE XXXVI XLV LI LXHE LXXI LXXX]E - XC

X XX XXX XL L LX LXX XXX XC C

Nicomachus’chart in
Boethius’Latin translation
which uses Roman numerals




The very last Chapter in both Nicomahus’ and Boethius’ texts

Besides the word “Exemplar” and the words “prologous and upologous” there is another
important connection between Nicomachus’ and Boethius’ books and Dee’s Monas Hieroglyph-
ica. It’s the final chapter in Nicomachus’ text, which was paraphrased by Boetheus in the last
chapter of his text. Nicomachus begins the chapter with this grand pronouncement:

“It remains for me to discuss briefly the most perfect proportion,
that which has three separate parts and embraces them all,
and which is most useful for all progress in music
and the theory of the nature of the universe.”

What I have translated as “the most perfect proportion” is Nicomachus’ Greek word
teleistatés. The verb teleiod means “to make perfect, to make complete.” (Which is very similar
to the Latin word consummata).

Echoing Nicomachus, Boethius starts his final chapter with the dramatic heading:

“De maxima et perfecta symphonia,
quae tribus distenditur intervallis.”

which translates as:

“Of the greatest and most perfect harmony,
which is stretched out across three intervals.”

Boethius’ first sentence is practically identical to Nicomachus’ first sentence:

“It remains now to discuss the greatest and most perfect harmony,
which, made up of three intervals,
holds great strength in the modulation and tempering of music
and in speculation on natural questions.”

The Latin word “armonia” in Boethius’ text, I have translated as “harmony.” In the
Chapter title, Boetheus actually uses the Latin word “symphonia.”

Harmony, symphony, concord, agreement, all mean pretty much the same thing, but I'm
hesitant to translate it as the “most perfect symphony” because to me this connotes a large group
of musicians dressed in long, black dresses and tuxedos and playing Beethoven’s Fifth. While
Nicomachus certainly does connect this harmony to music, here in the final chapter of Introduc-
tion to Arithmetic, the emphasis is mostly on the numbers.

The 3 intervals are quite simple. They involve the numbers 6, 8,
9, and 12. Among the various pairings of these numbers, those ratios

so important to Pythagoras (1:2, 2:3, and
3:4) can be found.

Pythagoras, Nicomachus, and Boethius,

10

who always put their prologous in front of
their upologous, actually would have expressed it this way:




But there is one more pairing which 8:9)
they considered important as well, the ratio 8:9 @ 9 g
(or 9:8 as they would express it).

Nicomachus’ Terms for these ratios.

4 N

Nicomachus’ Greek words
for these ratios sound pretty
strange, but they are actually quite
simple when broken down into
parts:

/§eBT05) oo EBTTes)

2:1 Diplason
The prefix di- means “two,” and plason means “to form,” so diplason means “forming
two wholes,” or “double,” or “two-fold” or “twice as much.”
3:2 Hemiolios
The prefix hemi- means “half,” and olios means “exceeding by,” so hemiolios means “ex-
ceeding a whole by a half” or “containing one and a half” or “half as much again.”
4:3 Epitritos
The prefix epi- means “upon,” and trifos means “a third,” so epitritos means “a third upon
a whole” or “one more than three” or “one and a third.”
9:8 Epogdous
The prefix ep- means upon, and -ogdous means an eighth, so epogdous means “an eighth
upon a whole” or “containing a whole and an eighth.”

Boethius’ terms for these ratios

4 )

Boethius’ terms are essentially the

Epogdod) . :
D Latin words for Nicomachus’ Greek terms.

2:1 Duplex
Duplex means “double,” or “two-fold”.
3:2 Sesquialter
The prefix sesqui is like the Greek prefix epi meaning “upon,” and alter means “second,”
so sesquialter means “one more upon 2” or “the ratio of 3:2.”
4:3 Sesquitertia
Like the Greek word epitritos, sesqui + tertia means “one more upon three,” or the ratio of 4:3.
9:8 Epogdous
Boethius simply used Nicomachus’ Greek word to describe this ratio of 9:8.

11
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Nicomachus’ and Boethius’ names for these ratios in Music.

QogojC

h Nicomachus realized how important these ratios are in

music, so he also provides they were called in Greek music.

(diatessaron) (toniaion ) (diatessaron)

diatessaron

(diapente) (diapente)

The meaning of these musical terms can most
easily be seen by looking at an octave on a keyboard.

first [second| third |fourth | fifth | sixth |seventh|ei
note | note | note | note | note | note | note | note

2:1 Diapason
The prefix dia- means “across, through or between,” and pason means ‘“a whole,” so dia-
pason means “across a whole,” or “a whole octave.”
3:2 Diapente
Pente means “five,” so diapente means “across five notes” or “a perfect fifth” or simply
“a fifth,” as it is called in music.
4:3 Diatesseron
Tesseron means “four,” so diatesseron means “across 4 notes” or “a perfect fourth” or
simply “a fourth,” as it is called in music.
9:8 Toniaion
Tonos literally means “a stretching,” but it also means the “measure or meter” of music.
As Nicomachus explains, the foniaion is the common measure of all the ratios in music. The
relationship of any of these piano keys to its next-door neighbor is a toniaion.
Boethius’ used all of Nicomachus’ Greek musical terms except he shortened roniaion to
the Latin word fonus, from which we get the word “tone.”

Nicomachus and Boethius both explain how the ideas of arithmetic proportion, geometric
proportion, and harmonic proportion can be seen in the relationships between these four num-
bers, 6,8,9,and 12.

Pythagoras and the Blacksmith Shop

In Chapter 6 Nicomachus relates the story of Pythagoras hearing the sounds from the
blacksmith beating out iron on the anvil with hammers of various weights.

When Pythagoras returned home he put a long piece of wood diagonally between two
walls so it would be solid. Then he hung 4 weights each on strings of equal length. The weights
were in the proportion 6, 8, 9, and 12. By plucking two weighted strings, simultaneously he
found the various consonances or harmonic relationships in sound.



Nicomachus was the first person to write about Pythagoras’ “blacksmith sounds” story. It
has been passed down to us through later writers like lamblicus, Boethius and Isidore of Seville.
Even Handel’s Harpsichord Suite No. V. is known as “The Harmonious Blacksmith.”

However, there are two major problems with Nicomachus’ account.

First, differently weighted hammers do not make different sounds when smacked on the
same anvil. The sounds are the same. Percussion depends on the object being stuck (the anvil
size) not the strikers (the hammers).

However, Nicomachus does say that Pythagoras did more tests on “percussion on
plates,”and variously-sized plates, pans, cymbals, or bells will give varied sounds. One of
Pythagoras’ followers, Hippasus of Metapontum, apparently did use 4 discs in his experiments.
Their diameters were the same, but their thicknesses had proportions of 2:1, 3:2, and 4:3.

The second flaw is in the lengths of the plucked strings strings that Pythagoras was pur-
ported to have used to make various sounds. When Ptolemy (around 150 AD) tried to recreate
Pythagoras’ experiment, he found the sounds from the various plucked strings differed, but not in
the ratio of the weights. As the French scholar Théodore Martin discovered in the 1800’s, tension
must be squared to double frequency. In other words, to raise the pitch of the 6 weight, another
string of equal length must have a 36 weight on it (not “double” or a 12 weight). (Levin, p. 93).

Despite the fact that Pythagoras’ two tests are acoustically inaccurate, they demonstrate a
key Pythagorean concept: numbers were conceived as having
material substance. Pythagoras even used the term ongkos
which means “mass, bulk or volume™ to describe numerical
units. (An ongkolothos is a “large block of stone.”). (Levin, P.

94).
Indeed, even Nicomachus used words denoting weight
in his treatment of Pythagoras’ blacksmith story:
bare — to weigh down
brithos — to be heavy
holke — weight, pull (a Greek cargo ship was called
a holka,” from which we get our
moniker “The Incredible Hulk.”)
stathman — weight
sekoma — lifting or raising
(Levin, p. 93 and Liddell/Scott Greek Lexicon)

This does not mean that Pythagoras was a hoaxer or
Nicomacus was a liar. Nine hundred years had passed be-
tween their two lives, and communication transfer was not what it is these days. Nicomachus
was probably relating “the folk tale” exactly as it had reached him. Indeed, even lamblichus and
Boethius later ignore these inconsistencies as they retell Nicomachus’ version of the tale.

Despite some incorrect details, the basic concept the “musical” ratios of weights is cor-
rect. If Pythagoras used various bells or metal discs or even 4 different anvils, the “musical”
ratios of weights would be correct. If Pythagoras used various string lengths (instead of weights
on the same length strings) the “musical” ratios of weight would be correct.

As J. Burnet puts it in Early Greek Philosophy, “they are not stories which any Greek
mathematician could possibly have invented, but popular tales bearing witness to the
existence of a real tradition that Pythagoras was the author of this momentous discovery.”
(Burnett, Early Greek Philosophy, p. 107 in Levin p. 87 and note 5, p. 95).

13



John Dee and Pythagoras’ musical ratios

Dee doesn’t overtly discuss music in the Mo- [P ondera means ”Weight”)
nas, but he hints about Pythagoras’ “weights” in his - - ~
Artifical Quaternary chart. That category where he /
shows the ratio 4:3, and suggests the ratio 3:4 (with
the words upologous and prologous) is called Pon-
dera, meaning weight.

As we’ve just seen, Nicomachus treatment of
Pythagoras’ blacksmith story is filled with references
to weight.

N\ J
Dee was keenly aware the connection between .
musical harmony and mathematical harmony, as is evi- ortension
dent in Aphorism 11 of his Propaedeumata Aphoristica: seon

“The entire universe is like a lyre tuned by some excellent artificer,
whose strings are separate species of the universal whole.
Anyone who knew how to touch these dexterously and make

them vibrate would draw forth marvelous harmonies.”
(Schumaker, p. 127)

A simple way to visualize the “most perfect har- N,

monies” might be with 4 strings if various thicknesses. 2 \_J

The 3 main
Harmonies

Also, in describing the “Arte of Architecture” in the Preface to Euclid, Dee says the “Brass
Vessels” distributed throughout theaters for acoustical purposes are arragned according to:

“Musical Symphonics and Harmonies,
being distributed in the Circuits by
Diatessaron, Diapente and Diapason.”
(Dee, Preface, p. d.iij verso)

These are among there com-
mendations for brass acoustic vessels
that Vitruvius made in his book On
Architecture (ca. 40 BC). Vessels that

amphﬁed various tones were placed in The“sounding vessels” were placed
" . ” . . . in small chambers scattered
Greek “sounding vessel’ small cave-like chambers in appropri- throughout the theater
as described by Vitruvius ate places iIl a theater, iIl accordace to to improve acoustics.

these 3 main musical ratios.

14



Vitrivius’

Alberti’s

Palladio’s

Dee

or . i
sounding architecture for ar1cls'1gt7ecture architecture s:u:;ilsg
vessels' (1486) ( ) (1570) vessels’
Dee was hardly an080 ] tones
. . . . (1570)
alone in his enthusiasm for i
the ratios 1:2,2:3, and 3:4.
The 'famed archltects Lfaon doreseron
Battista Alberti, Sebastiano o e,
. i VeSS o1y
Serlio and Andrea Palladio
diapente I

all described them as among

the most pleasing ratios for [T [T
. . diapason |1|l| |||1| |1|1| |1|1| |1|||
the dimensions of rooms.
O

LoDl DT

To summarize, the numbes 6, 8,9,
and 12 incorporate the 3 key ratios, but the
essence of the ratios is best expressed by
simply comparing the rows of the tetraktys.

As the philosopher and historian Empiricus Sextus, (who lived around 225 AD) puts it:

“The Pythogoreans are accustomed to say
‘All things are like numbers’
and sometimes to swear this most potent oath:

‘Nay by him that gave to us the Tetraktys,
which contains the fount and root of ever-flowing nature’...
as the whole universe is arranged according to attunement...
a system of three concords the fourth, the fifth, and the octave
and of these proportions are found the four numbers just mentioned —
in one, two, three and four.”
(Sextus Empiricus, Advanced Mathematics, VII p. 94-5;
in Kirk, Raven, Scholfield, The Presocratic Philosophers p.233)
(Dee owned Sextus book, in 1569)
Sextus’ actual Greek words describing the Tetraktys are: pégén genaou physeos rizéma +
exousan, meaning “which contains the fount and root of ever-flowing nature.”
The word “pégén” means a spring where water gushes forth. The word “rizdma” (from
which we get the word rhyizome) means root or source of origin, like the root of a tree or a hair
or a fingernail

15



The related Latin expression “fons et origio” (fount and origin) has also been used to de-
scribe “one,” or the “unit” or the “Monad.” But this is not contradictory, because Dee saw 10 as a

return to 1.
4 o N

Like the tetraktys, the Monas
symbol emphasizes 10 points (on its .
spine). Thus, we should expect the Mo- o o
nas symbol to express the 3 key harmo- e o
nies as well. e o o

Vs

Sun and Moon as
Sun and Moon as \_ )
1 2
(thing)

The ratio of 1:2 is like the

Sun and the Moon, two things being
1 1 (Moon) .
v transformed into one.

Cross as Cross as
N J 3 4
(Ternary) (Quaternary)
In Theorems 6 and 20, Dee 2 lines | 4lines

makes a big deal about the Cross be- plus

. . . 1 point

ing either Ternary or Quaternary, so it

might be seen as the ratio 3:4. 3 things 4things

And the Aries symbol is made Aries symbol as  Aries symbol as
2 3

from two half circles, but in Theorem

21, Dee emphasizes its “3 tips.” Thus, it Y N 7Y

might be seen as the ratio 2:3. 2 half-circles 3 tips
'd ~N f \
1 2 3 4
the interrelationship
oo between 1 and 2

the interrelationship
between 3 and 4

the interrelationship

|
| _l_ Y between 2 and 3
N J
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Can you find the 3 key harmonies hidden in the
“Thus the World Was Created” chart?

We have investigated most of Dee’s “Thus the World Was Created” chart, but there are
some small clues yet to be explored. The 1, 2, 3, 4 in the “Below” half of the chart clearly refer
to the Pythagorean quaternary. The 1,2, 3, 4 in the “Above” half of the chart are larger, they are
engraved (as opposed to typeset) and they comprise the first half of the octave. But the 4 digits
are in the exact same size boxes as those in the “Below” half.

4 )
The engraved digits 1:, 2:, and
3: have colons next to them, but the
4 does not. To me this is Dee’s way
of visually suggesting the series of
proportions, 1:2, 2:3, and 3:4.
- J

Another small clue can be seen by comparing the additive results of the Pythagorean and
Artificial Quaternaries in Theorem 23.

In Dee’s Artificial ( \( )

Quaternary he writes “Simple
addition yields 8,” but in the )
Pythagorean Quaternary he N Nt
writes “The Pythagorean Sum
10,” hinting at the Pythagorean  { AN J
tetraktys.

Knowing how Dee felt about Number and Geometry being
sisters, I measured the various illustrations proportions of the
illustrations in the Monas in search of these 3 key harmonies.

The architecture on the Title Page, measured approxi-
mately 7-1/8" tall by 5-3/8" wide, which is the ratio of 4:3. Dee
had put a geometrical expression of “Quaternary rests in the
Ternary” right in front of the reader’s nose!

3

The “Inferior Astronomy” diagram (of Theorem 13) and the “36 Boxes” chart (of Theo-
rem 22) were both squares (or the 1:1 ratio). The “Vessels of the Holy Art” diagram (of Theorem
22) was in the proportion of 5:4. Not much luck there.

The “Thus the World Was Created” chart has a curved
right edge, but the rectangular part of the chart measured ap-
proximately 2-5/8" wide by 3-15/16" tall. It was in the 2:3 2
ratio!

17



I searched to find that one missing ratio, 2:1. The two rectangular
diagrams in Theorem 12 that explains Lunar Mercury were each too long
and narrow. The height : width ratio of the Monas symbol was close to 2:1,
but actuality its in the 9:4 ratio. (And Dee was a precise geometer.)

Where could that 2:1 ratio be hiding?

This was an important ratio to Dee.

It was the Sun and the Moon (at full moon).

It was simply two tangent circles.

But yet he doesn’t appear to have illustrated

it with a 2:1 geometric rectangle.

In my searching, I decided to complete the curved
brackets in the “Thus The World Was Created” chart. Un-
fortunately, this didn’t seem to lead anywhere.

more bulbous
/ segment
flatter
segment

4
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I had long wondered why the “Terrestrial”

O
/
N

&

. e N
bracket was “flatter” than the “Aetheric Celes- chord
tial” bracket. Then it occurred to me that geom- segment
eter Dee might be comparing the area inside the
curved brackets.
Geometers call this area a circle segment.
It is cut off from the rest of the circle by a straight ~
line called a chord.
(X3 3 2 M / \
I drew the “Terrestrial” circle seg-
ment inside the Aetheric Celestial circle seg- O\'
ment. Just eyeballing it, it looked as though 24
two Terrestrial segments would fit nicely.
This 2:1 ratio was echoed by numbers
24 and 12, just to the left. Q
12
- J




12 If Dee wanted the reader to see the Terrestrial
12x2=24 segment as 12 and the Aetheric Celestial segment as 24, 72
24x3=72 the Metamorphosis-minded Dee would no doubt make
the Supercelestial segment 72.

A I drew two “Aetheric Celestial segments” 24
: IS in the Supercelestial area. Just eyeballing it, it was

P pretty obvious that a third “Aetheric Celestial seg-

RS ," 3 ment” would fit in the remaining area. -

: v/ Using geometrical area Dee was expressing

i o the numerical Metamorphosis sequence!

I immediately tried to see how if
5 Supercelestial segments would fit in the
whole segment labeled “Sic Factus est —
Mundi.” e etoosmal

Unfortunately, four of them would
easily fit, but the remainder was just a
tiny area, not even close to making a fifth

segment.

Perhaps Dee was urging the reader to

1 creatively expand this area, so I drew in a semi-
circle whose center point was on the right edge
of the rectangular part of the chart. Now 5
supercelestials seemed to fit perfectly!

T “Ballooning” Dee’s illustration this way
5O It seemed strange, but I really was only drawing
;o one of Dee’s half-circle Moons.

n

’
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-
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With a compass I made the half circle Moon into
a full circle Moon, then added a “Sun circle”of the same
size next to it. Two circles fit perfectly!

Not only that, but the line tangent to the point
where the circles touched ran right smack dab through
Dee’s cherished Artificial Quaternary! Even more spe-
cial was that it ran right through that Engraved 2. 4 )

As that Engraved 2 is what boosts 6126120 to
become 122252240, these circles might be seen as the 2
wings of what Marshall calls the “Even Greater Eagle”!

The “Even Greater Eagle”

12252240
- J

There is a clue that seems to confirm that Dee intended the reader to “balloon” the large
segment to make it a half circle. It would be instantly recognizable to anyone who contemplates
Metamorphosis numbers.

Metamorphosis numbers 12 and 24 have a curious relationship with 72. When added,
they sum to 36, which is half of 72.

When 12, 24, and 72 are all added,

-

the sum is that special number 108. — ) )
And what must be added to 108 in
order to reach 3607 72
252, Dee’s Magistral number! + _

Dee’s diagram (once it is “re-
stored”) depicts this. The area in the “bal-
looned” bracket that is not included in the 72+244122108

) -
other three smaller brackets is 252! L
To summarize, if a rectangle is drawn to enclose
\ these two circles, it’s obviously in 1:2 ratio (one diameter
high by two diameters wide).

Essentially what Dee has done
is to add a 2:3 section plus a 2:1 section SN

resulting in aa 2:4 rectangle into which
two circles fit perfectly. 3 1 4




THE “BALLOONED
360 CHART"

One might think I have unjustifiably altered Dee’s chart to “fit” my thesis. But once its
understood how the Metamorphosis numbers are important not only in Dee’s math, but in his
whole cosmology, you will see that this was his intent.

12 and 24 are “Earthly” numbers

The numbers 12 and 24 bracket the “Below’ half of the chart because they are associated
with “Earthly” things. The Sun-and-Earth-dance makes for 12 hours of daylight and 12 hours of
darkness (totaling 24) on the First of Aries.

72 is a “Heavenly” number

Dee also has a good reason for associating Metamorphosis number 72 with the “Above
“half of the chart. For centuries, many theological philosophers have asserted there are 72 An-
gels in the “Supercelestial” realm.

Medieval Kabbalists found that three important verses in the Book of Exodus (in the
Hebrew Torah) each contained 72 letters (lines 19,20, and 21). By putting these three lines next
to each other (and reversing the sequence of the second line) they formed the Names of the 72
Angels (or the 72 Names of God.)

The whole assembly of 72 letters x 3 = 216 letters is called the Shemhamphorasch (Shem-
ha-Mephorash means “interpreted name.”)
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Here are the three verses in English:

“And the angel of God, which went before the camp of Israel,
removed and went behind them; and the pillar of the cloud
went from before their face, and stood behind them:

And it came between the camp of the Egyptians and the camp of Israel;
and it was a cloud and darkness |to them],
but it gave light by night [to these):
so that the one came not near the other all the night.

And Moses stretched out his hand over the sea;
and the LORD caused the sea to go [back] by a strong east wind all that night,
and made the sea dry [land], and the waters were divided.”

This chart shows the Latin versions of the Hebrew letters and an English transliteration to
show how each name is pronounced. (from Tyson, Agrippa, p. 769-81)

4 R
The names of the 72 angels in the Shemhamphorasch
Fire Trine Water Trine AirTrine Earth Trine
1. VHV : Vehuiah 19.  LVV:Levoiah 37. ANI:Aniel 55.  MBH:Mabehiah
2. ILI : Yeliel 20. PHL : Paheliah 38.  ChAaM:Chaumiah 56. PVI: Poiel
3. SIT: Sitael 21.  NLK:Nelakel 39.  RHAa:Rehauel 57.  NMM:Nememiah
4. AaLM : Aulemiah 22, lli:Yiaiel 40.  IZ:Yeizel 58.  IIL:Yeilel
5. MHSh : Mahasiah 23.  MLH:Melahel 41.  HHH:Hahahel 59.  HRCh:Harachel
6. LLH : Lelahel 24.  ChHV:Chahuiah 42.  MIK: Mikael 60.  MTzR: Metzerel
7. AKA : Akaiah 25.  NThH:Nethahiah 43.  VVL:Vevaliah 61.  VMB:Umabel
8. KHTh : Kahathel 26. HAA: Haaiah 44, YLH : Yelahiah 62. IHH : Yehahel
9. HZI : Heziel 27.  IRTh:Yerathel 45.  SAL:Saeliah 63.  AaNV:Aunuel
10.  ALD:Eladiah 28.  ShAH:Sheahiah 46.  AaRl:Auriel 64.  MChl: Mechiel
11, LAV:Laviah 29.  RIll:Riyiel 47.  AaShL:Aushaliah 65.  DMB:Damebiah
12.  HHAa:Hahauah 30.  AVM:Aumel 48.  MIH: Miahel 66.  MNQ:Menagel
13. IZL : Yezalel 31. LKB : Lekabel 49.  VHV:Vehuel 67.  AlAa:Aiauel
14, MBH:Mebahel 32, VShR:Vesheriah 50.  DNI:Daniel 68.  ChBV:Chebuiah
15. HRI: Hariel 33.  IchV:Yechoiah 51.  HChSh:Hachashiah  69.  RAH:Raahel
16. HQM :Hagemiah 34, LHCh:Lehachiah 52.  AaMM :Aumemiah 70.  IBM:Yebemiah
17.  LAV:Leviah 35.  KVQ:Kevegiah 53.  NNA:Nanael 71.  HIl: Haiaiel
18.  KLI:Keliel 36.  MND:Menadel 54.  NITh: Neithel 72. MVM:Moumiah
(N J/

360 is a “Creation” number

Dee has good reason to use the number 360 to bracket “everything” in his “Thus the
World Was Created” chart. It’s the number of degrees in a circle. It’s the number the ancients
used for the number of days in a year.

252 is closely related to 2520

The transpalindromic mate of 2520 is 0252, or Dee’s Magistral number. The number
2520 is not only Metamorphosis number, it’s a special one, as it’s the lowest number divisible by
all the single digits. It’s Dee’s “Sabbatizat,” as 7 years times 360 days=2520 days.

(A tantalizing clue: I wll show later that Dee has supporting authority about the impor-
tance of 360 from the man he calls “the greatest philosopher.”)

To summarize, 12, 24,72, 360, and 2520 are key numbers, not only because they are
Metamorphosis numbers, but because they are part of Dee’s view of the Universe.



The 3 harmonies in the “Ballooned 360" chart

Having found that the Artificial Quaternary is the midline of the “Ballooned 360" chart,
all 3 of the key harmonies can be found by simply by comparing various widths:

5 ~
N N 20 WY,

2:3

A LA P

~—1part — | «—2 parts— 4 parts
| to | ' to
! 2 parts ! 1~—— 3 parts ——

Now that we have the 3 ratios so special to Pythagoras, Nicomachus, and Boethius, the
question becomes: What does this have to do with the Tower?

To get a better grasp of Dee’s intent, let’s first look at what he wrote about ratios in his
other books.

Dee was the First Mathematician to use the colon ( :) to represent proportion

Besides adding his own theorems, lemmas, and corollaries throughout this first English
translation of Euclid’s Elements, it appears as though Dee wrote all the introductions and Defini-
tions for all the chapters (called “books”) as well. Most of the introductions are rather short, but
those for Book 5 and Book 10 are a little longer than the rest.

In Book 10, the discussion of “points” and “units” is clearly Dee’s writing (and not that of
Henry Billingsley). He describes the difference between numbers and lines using the ideas of the
“unit” and the “point.” Basically Dee asserts there are a finite amount of “unities” (ones) con-
tained in a number, but there are an infinite amount of points in a line.

We’ve seen that Dee quoted the “great and Godly Philosopher” Boethius in the Preface to
Euclid, where he makes reference to the Exemplar Number. He also cites him in he introduction
to Book 5 of Euclid.

“This fifth book of Euclid is of very great commoditie and use in all Geometry.

Of all the books, it should be thoroughly and most perfectly and readily known.
For nothing in the books following can be understood without it,
the Knowledge of them all depend on it.

And not only they[meaning “the books following”] and other writings on Geometry,
but all other Sciences and Arts,
like Music, Astronomy, Perspective, Arithmetic,
the art of accounting and reckoning, and others.

Therefore, this book is a chief treasure
and a peculiar jewel much to be accounted of.
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It deals with proportion and Analogy or proportionality,
that pertains not only to lines, figures and bodies of Geometry,
but also of sounds and voices of Music as explained
by Boethius and others who write about Music.

Also the whole art of Astronomy teaches how to measure proportions of times and motions.
Archimedes and Jordanus [Jordanus Nemoriarius, ca. 1225-1260] and others
who write about weights affirm that there is proportion
between weight and weight, and also between place and place.

You can thus see how large is the use of this Fifth Book.
Its definitions are common, but here Euclid only applies them to Geometry.
The first author of this book was, as many claim, Eudoxus
who was a student of Plato, but it was later organized by Euclid.”
(Dee, Euclid, Book 5, folio 125 verso)

The third “definition” explains that a ratio is a kind of a size relationship between two
magnitudes of the same kind. Dee calls the first “Term” of a ratio the “antecedent” and the
second “Term” the “consequent.” But he cites Boethius’ and others’ use of the terms Dux and
Comes.

Recall that Boethius uses these words in the chapter where he explains Nicomachus’ first
Greek chart of multiples (up to 100) that formed the various “Gamma and Chi” shapes. They are
Boethius’ Latin translations of Nicomachus’ Greek words prologous and upologous, which Dee
used in his Artificial Quaternary chart.

C ) Throughout the 14 pages of Dee’s explanation
of Book Five’s “Definitions,” Dee intersperses illus-
trated examples of various geometrical proportions

- (comparing lines of various lengths) with illustrated
examples of number proportions. (In the margina-
lia, Dee writes “An example in magnitudes.” or “An
example in number.” over 20 times. He certainly likes

Here he has written: that word “example.”)

v I’ve enlarged Dee’s illustration of how to
multiply the ratio 9:3 times 4:2, resulting in 36:6.
Here’s how we would write it today:

| ) [2 4 _36_ g]

372 6 1
s B
Dee calls this example “bringing together” the proportions of
“tripla”and “dupla” to make “sextupla.” It’s a very basic example how
to multiply fractions (numerator times numerator over denominator
times denominator).
Dee informs the reader that the usefulness of this procedure is
more apparent when multiplying complex fractions or when multiplying
9 ) three or more fractions.




He also illustrates two examples of equivalent ratios.
For the top line, he writes... “as 9.to 6, so 12.to0 8.”
For the bottom line he writes as ... “as 9.to 3,s0 12.to 4”

This illustration is revealing for two reasons. First, beause Dee

is demonstrating two ratios (9:6 and 12:8) that are in that special pro- G e e
portion of 3:2 (hemiolios or sesquialter or diapente or the width:height

of “rectangular part of his “Thus the World Was Created” chart. )
4 )
4 )

This is the first time
in the whole history
of mathematics
f\ that a colon
E / is being used

to express a ratio.
\ /

- J

But just as significant is Dee’s use of the colon to compare these two ratios. Florian
Cajori in A History of Mathematical Notations explains that William Oughtred (1575-1660) was
the first to use a double colon (: :) in his 1631 Clavis mathematicae (Key to Mathematics), but he
adds “It is possible that Oughtred took the symbols from Dee.”

Cajori adds that this example in Book 5 “indicates the origin of these symbols. They
are simply the rhetorical marks used in the text.”” Cajori pointing specifically to the colons
used in Dee’s second example shown in the above illustration.

‘... this order by conversion of proportion:
as 9.to 3 : so 12.to 4:

for either proportion is triple.”
(Florian, p. 168)

Dee doesn’t use colons the way exactly the way Oughtred used them or the way math-
ematicians use them today (for example, 9:6 : : 12:8), but remember, Dee was writing a full half
century before Oughtred.

() The point here is that Dee appears to be expressing 1:2,2:3, and 3:4
in his summarizing chart.

This is actually easier for us to see today than it would have been
for Dee’s contemporaries, as using the colon to express “ratio”was some-
thing that Dee himself had devised.

The main point here is: Dee loved ratios.
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The “greatest and most perfect harmony”
in the Renaissance musical texts of Gaffurio and Zarlino

Dee was not alone in his fascination with the
“greatest and most perfect harmony” of Pythagoras,
Nicomuchus, and Boethius. Renaissance musicians
embraced these proportions in their books on Music
Theory.

In this 1518 woodcut from Franchino Gaffurio’s
(1451-1522) book on Musical Harmony, the ratios made
between 6, 8,9, and 12 have been simplified by the se-
quence 3, 4, 6 (which are half of 6, 8, and 12).

Franchino is lecturing to his students about the three organ pipes on the left.
The first two pipes are in the 3:4 ratio (diatesseron or a musical, or perfect fourth).
The last two pipes are in the 4:6, or 2:3 ratio (diapente or a musical, perfect fifth).
The first and last are in a 3:6, or 1:2 ratio (diapason or a musical octave).
To the right of Franchino is a geometer’s compass,
which is associated with three lines of length 3, 4, and 6.

Gioseffo Zarlino (1517-1590) in his De institu-
tioni harmonice call the intervals among 6, 8,9, and 12
the LIRA DI MERCURIO (The LYRE of MERCURY).

Dee owned 2 copies of
Zarlino’s book, which was printed

in 1571 in Venice.
(Roberts and Watson, 73 and 2116)

My simplification
Even though this was of Zarlino’s

i “Lyre of Mercury”
published 7 years after the Monas, yre of Mercury

there appears to be an important

clue about it in Dee’s 1583 Library Catalog. In the margin
next to Zarlino’s title Dee wrote “it harketh nostre quater-
nario.” (a curious mix of Englih and Latin that means “it
brings to mind our quaternary’)

Dee also added a curious symbol that combines a cross and a flowing S shape, which just
might be just Dee’s personal code abbreviation for the Monas. (He writes something similar 68
entries later, next to Christoff Rudolff’s 1571 Book on Algebra, which is illustrated with various
examples by the numerologist Michael Stifel.)
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THE GREATEST AND
MOST PERFECT HARMONY
IN RAPHAEL'S PAINTING,
“THE SCHOOL OF ATHENS"

Perhaps the most famous depictions of these 3 key harmonies can be found in a giant fresco
painted by Raphael (Sanzio) in the “Room of the Segnatura” in the Vatican. This 26-foot-wide by
almost 19-foot-high fresco was originally called Causarum Cognito (Knowledge of the Causes) but
in the 1600’s it became known as The School of Athens.

Pope Julius II’s architect Donato Bramante recommended the talented 27-year-old Raphael,
who was from Bramante’s hometown of Urbino. The pope was so pleased with the work, he com-
missioned Raphael to paint the whole papal suite.

Framed by a semicircular arch, the midst of a grand architectural interior, are over
50 robed people in various groupings. Giant marble sculptures of Athena (upper right) and Apollo
(holding a lyre in the upper left) hover over the busy scene.

Raphael didn’t leave a chart of “who-is-who,” but he did leave quite a few props as clues.
Many identities are still debated, but most historians agree upon who the central characters of the var-
ious groupings are. (See Raphael’s “School or Athens” edited by Marcia Hall, Cambridge University Press, 1997).
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4 N\
“THE SCHOOL OF ATHENS” by Raphael, 1509
Plato Aristotle
Socrates holding  holding
lecturing Timaeus Ethics
Epicurius Pythagoras Euclid Strabo Ptolemy
holding writing holding (or Zoroaster) holding
book in book geometers’ holding ~terrestrial
compass celestial globe  globe
N\ J

Starting on the left, the figure holding a book on top of a tall pedestal is considered to be
Epicurius. Above him and to the right, Socrates lectures to a group of men. To his right, the
two central figures are Plato, (holding his book 7imaeus) and Aristotle (holding his book Eth-
ics). In the lower right hand corner, Strabo (or perhaps Zoroaster) holds a celestial sphere and
Ptolemy holds a terrestrial sphere. To their left, Euclid (bent over) is drawing a geometric shape

with his large metal compass.

Euclid and his group of geometry students in the front right is balanced by a group of
arithmeticians in the front left. Let’s zoom in for a close-up look.

The central figure here is the seated Pythagoras, writing in a large book. He is surround-
ed by 4 main characters. Another seated old man peers around Pythagoras’ elbow apparently
copying Pythagoras’ work. For the moment, let’s call him “Man A.”

~
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Above him is a turbaned Arab thought to be
Averroés, (1126-1198 AD) an important translator
and commentator on Greek Wisdom.

To his right is the great woman geometress,
Hypatia of Alexandria, (ca. 360-415 AD), whose
father was the noted mathematician Theon. She
studied in Athens and later became head of the Pla-
tonist school in Alexandria.

To her right is a bearded man pointing to an
open book, which he balances on his thigh. He is
clearly younger than the balding Pythagoras and the
bald “Man A.” Let’s call him “Man B” for a mo-
ment.

In the midst of these mathematicians is a
youth propping up a tablet that rests on the floor.



Zooming in even closer on the tablet,
we can see that Raphael has succinctly sum-
marized Nicomachus’ and Boethius
est and most perfect harmony,” and put
Pythagoras’ tetraktys underneath it.

EY3

great-

(My transcription)

N

close up view of
“the greatest and

most perfect harmony” )

This is my transcription of

(My simplification)

To me it’s obvious that the peer-
ing old “Man A” is Nicomachus, who
compiled what was known about Pythag-
orean number and music theory in his
Introduction to Arithmetic (ca. 125 AD).

And the standing, younger, “Man
B” is Boethius who translated Nicoma-
chus’ work into Latin in his famed Intro-
duction to Arithmetic (ca. 525 AD).

The idea that “Man A” is old and
“Man B” is young seems to be Raphael’s
way of showing the 400 year difference
between Nicomachus and Boethius. But
there’s another subtle clue.

the tablet and a simplification using
modern numerical terms.

Averroes
(Arab translator
of Greek works,

ca.1175AD)

Nicomachus
peering
(ca. 125 AD)

Pythagoras
writing
(ca. 500 BC)

Hypatia of
Alexandria
(famous woman
mathmetician,
ca. 400 AD)

Boethius
holding his
Introduction
to Arithmetic
with 3 book
clasps visible

on the
back cover
(ca. 525 AD)

diagram of
“the greatest
and most perfect
harmony”
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It was Boethius’ Latin version, - ~
not Nicomachus’ Greek version
that became the primary mathematical
text through the Dark ages,
through the Medieval era

and into the Renaissance. Catches
of three
If you look closely at Boethius’ book clasps
you can see the parts of

three book clasps on its back cover. N J

In Medieval Times, the pages of
parchment didn’t lay as flat as modern
book pages. To remedy this tendency
to warp, they were sandwiched between
2 stiff wooden boards that were laced
together with cords or thongs.

After these cords were sewn into
holes drilled in the wood, everything was
covered with leather. These cords are

thin rope woven the bumps that stick out on the spine of

through the holes binds ] hooks. (Though many more recent all this was wrapped
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in leather and
clasps were added

the wooden covers books have faux bumps to make them

seem old.)

The wooden covers were the exact same size as the pages, like our modern paperback books,
not larger like they are in modern hardbound books). Metal clasps, custom made for the thickness
of the book, kept the wooden covers closed and the pages flat.

In the 1100’s and 1200’s, books were wrapped several times around with a long strap. In
the 1300’s, these straps were replaced by these hinged clasps and catches attached to the edge of the
book.

In the 1400’s and 1500’s you could tell a book’s country of origin from how the clasps were
arranged. In England and France, the hinged clasps were on the front of the book with the catches
on the book cover.

In Germany and the Netherlands, the hinged clasps were attached to the rear cover with the
catches on the front cover.

Italian bindings were like the English and French (hinged clasps on front), but they often
used as many as 4 clasps (one on the top, two along the right edge and one on the bottom).

In the early 1500’s, when wooden covers were replaced by pasteboard, the clasps could no
longer be attached and were slowly phased out. Besides, the smaller books with better paper no
longer required mechanical clasps.

(However, the tradition of using clasps for Bibles continued until around 1700. Brass clasps
made a brief comeback in the 1800’s on Bibles, prayer books, diaries and photograph albums.)



The three catches for clasps on the back of Boethius’ book suggest it was made in Italy in
the 1400’s or 1500’s. This is not the type of detail Raphael would put in the hands of an Ancient
Greek character. Even though Boethius lived long before the era of clasped books, his text was
still a best-seller in Medieval days.

Another clue involves the other text for which
Boethius was perhaps even more well-known Consolation of
Philosophy. This popular theosophical guidebook was often
reproduced as a small book with a “girdle” binding. In addi-
tion to the clasps to hold it tightly shut, brass mounts attached
the wooden boards to the inside of a leather pouch.

The bottom of the pouch had a long tail that terminat-
ed in a large “Turk’s head” knot (a bulbous knot that looked
like a turban). The knot was slipped under one’s belt (thus
the term girdle) so the book could be easily carried. Whether
one was walking on a long journey or even riding a horse, the Boethius’

girdle binding allowed for quick access to inspiration. Consolation of Philosophy
with “girdle” binding

To me, this clasp clue confirms that the standing “Man B” is Boethius. But there’s another
clue that seems to connect the Nicomachus, Pythagoras, and Boethius.

A straight line connects the peering eyes of s ~N
Nicomachus, the mouth of Pythagoras (he left no
written works), and the pointing hand of Boethius.

Another line connects the point where Nico-
machus’ quill-tip touches his notebook, Pythagoras’
quill-tip and the Boethius’ hidden fingertip, suggesting
they have all written the same thing.

Yet another line connects the prominent big
toes of Nicomachus, Pythagoras, and Boethius. (This
might seem insignificant, but remember, each of these
three men had a decad of toes [toetraktys?]) This line
also intersects the corner of the black tablet with the
“perfect harmony” written on it. \_ J

At the bottom of the tablet is where Raphael put his depiction of the tetraktys along with
a giant X. Neither Pythagoras nor Nicomachus would have used an X to depict the number 10.
That’s a Roman numeral depiction. Among the three, only Boethius would have used an X.

To summarize, not only was the “greatest and most perfect harmony” known to Renais-
sance scholars, it was revered as a mathematical depiction of Nature. It’s so important, it would
be surpirising if Dee had not included it in his Monas Hieroglyphica cosmology. Certainly Dee
believed it to be an intrinsic part of how “... the World was Created.”
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Pythagoras’ tetraktys and Dee’s tetraktys

~

Dee’s
(artificial)
tetraktys

Pythagoras’
tetraktys

Just as Pythagoras envisioned
his tetraktys (meaning “fourfold”)
graphically as an arrangement of dots,
it helps to visualize Dee’s Artificial
Quaternary as an arrangement of dots
(“Dee’s tetraktys”, if you will).

As Dee presents both quaterna-
ries in his Monas Hieroglyphica, he felt
they were both important and interre-
lated.

“The greatest and
most perfect harmony”

Pythagoras’
tetraktys

Dee’s
(artificial)
tetraktys

The Octave of
Consummata

The arrangement
of the 10 dots in Pythago-
ras’ tetraktys expresses
the “greatest and most
perfect harmony” and the
Symmetry of the Decad
(which the Monas symbol
also expresses).

The 8 dots of
“Dee’s tetraktys” express

1 4 7 10

“Symmetry of the Decad” 1

ENEENY
Nedhcdacd

the octave of Conummata,
, Or, when the rows are
X2 multiplied, they express
X3 12, the first member of
= Metamorphosis.
The beginning of
Metamorphosis

By adding the various rows of
“Dee’s tetraktys,” the “+4,—4" nature of
the octave of Consummata can be seen.
Dee seems to be making a reference to this
by enlarging the “two 4°s” in his exposi-
tion of the Artificial Quaternary.




In his Artificial Quaternary, Dee divides his result of 8 into 7+1.
(This is like Dee’s adding the “planets”(7) and a “sharp point” (1) to make
Mercurius (8) in the maxim of the flowing ribbons on the Title page.)

Doing the same with the “Dee’s tetraktys” leads to a depiction of the closest-packing-of-
circles. This natural 2-D arrangement relates to the 3-D closest-packing-of-spheres arrangement,
which is a cuboctahedral in shape.

4 N
1
LN -
[
\ »
Closest Closest boctahed
packing packing cuboctahedron
of circles of spheres
- J

Did Dee really have what I call the “Dee tetraktys” in mind?

Admittedly, Dee does not depicted what I call the “Dee’s tetraktys” in the Monas Hiero-
glyphica. But he never depicts Pythagoras’ tetraktys either.

In the “Thus the World Was Created” chart, Dee alters the sequence from (1, 2,3,2) to
(1,2,2,3). However, this was done to bring attention to a different clue, the Engraved 2.

Drawing Dee’s two “Quaternaries” as simple dots makes it easier to understand how the
various aspects of his cosmology are all woven together. But it’s not a great leap for someone
who contemplates Dee’s assertion that Arithmetic and Geometry are sisters. And all this provides
insights into what he is trying to express in the architecture of the John Dee Tower, because in its
own way, the Tower tells the Story of “1,2,3,4.”
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THE STORY OF 1,2,3,4

IN APHORISM 18

(IN DEE’S
PROPAEDEUMATA
APHORISTICA)

Aphorism 18 of the Propaedeumata Aphoristica nicely
encapsulates the heart of Dee’s mathematical cosmology.
It incorporates 2-D and 3-D Geometry with Number
(and even with Latin alphabet letters).

Shumaker called Aphorism 18
“the most inscrutable of all the aphorisms.”
(Shumaker, p. 210)

Without a clue as to what Dee is referring to, the Aphorism does indeed sound non-sensical.
But once you understand what his metaphors refer to,
it proves to be a clear, logical, and exciting cosmological assertion.
For purposes of analysis, I’ve divided my translation of the Aphorism into seven sentences.

“In each of the four separate, great Wombs of the Larger World
[Majoris Mundi magnus Matricibus] are three different parts.

However, at the same time, these parts take form
and are equitably shaped by their own considerations.

They may be called, by Notaraical design, AOS or OSA or SOA.
(Pyrologians will understand what I mean)

Learn as precisely as possible the natural properties
of these Three and what they produce naturally.

Learn not only the primary, but also the secondary and tertiary productions.

And also learn the way of restoring
the tertiary to the secondary, and the secondary to the primary.

In the same way, you should give the greatest consideration to why this very same
part may be the cause of not only differing effects, but sometimes of opposing effects.”

(Dee, Aphorism 18, my translation)
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K Four pairs \

of tip-to-tip tertahedra,
reorganized...

Dee starts off with an alliterative assertion:

“In each of the four separate,

great Wombs of the Larger World * o

(Majoris Mundi magnis Matricibus)
are three different parts.”

Envision each of these “wombs”
as a pair tip to tip tetrahedra.
Four of them assemble into a cuboctahedron.

...make a cuboctahedron.

- /

Let’s take one of these 4 Bucky Bowtie
“wombs” and identify its 3 parts.

Here, I have oriented one of them
to show a “left” tetrahedron,
a “middle” point and a “right” tetrahedron.

o : “right”
left Mdle  tetrahedron

tetrahedron

point

“However, at the same time, these parts take form
and are equitably shaped by their own considerations.”

Dee is hinting that he sees these 3 parts as a representing
something other than simply 2 tetrahedra and their common tip.

“They may be called, by Notariacal design
AOS or OSA or SOA
(Pyrologians will understand what I mean)”

Pyrologians are scholars who are familiar with tetrahedra.
Plato equates a tetrahedron with the element of fire.
In fact, we get our word pyramid from the Greek word “pyr” which means “fire.”

Notariacal design means “shorthand” or using one thing to refer to something else
(in this case it is alphabet letters).



An astute mathematician might see something strange
about these three combinations of letters
A.0.and§

(besides the strange dots on the tops of their heads).

Shumaker noticed it and wrote:
“any set of three letters yields six permutations, not three.”
(Shumaker and Heilbron, John Dee on Astronomy, p.212)

The first 3 permutations on the following chart are the ones Dee provides.
The last 3, he doesn’t give, but they help fill in the picture of what’s going on.

Dee gives these 3 permutations...
O O : S :
\ S ) A : A
A S O
...and these 3 permutations are “inferred.”
§ A A
A O] |§ O| |0 S

(Don’t be confused. I’'m not suggesting that now there are
6 “major Wombs of the Larger World”,
I am merely analyzing various aspects of one “Womb”)
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Having previously concluded that A, S, and O stand for point, line, and circle, respectively,
the six permutations can be seen this way:

e N
Simply replacing A, S, and O with point, line, and circle
O O /
. / / O
- = point
| =line
O =circle
/
O
Ol |1 o /
N J

(Perhaps the dot above the letters A,O and S is there to suggest a relationship
with “the point™; after all, circles, lines and points are all made from points.)

Notice how these 6 permutations can be seen as three pairs of “reflections”.

‘ Both have “circle” as the “middle point” N
O O
/
/

N /
4 Both have “line” as the “middle point” h
/ /

0O O
(& %

Both have “point” as the “middle point”

/ Ol lo /

To simplify our analysis, let’s take only one representative
(just the left ones) from each of these 3 pairs.
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“circle” as the “middle point”

O
/
o J
“line” as the “middle point”
/
O
o J
4 )
“point”as the “middle point”
O /
o )

This depiction expresses the idea
that “the point” and”the line” are
opposites, connected via “the circle.”

Having the circle in the center position
suggests “Forma Circulata,” or a
“wholeness” that relates point and line.

In this representation from the next pair,

“the point and “the circle” are opposites . . )
P e : ’Pp Alberti’s centric ray
and are connected with “the line.
This line might be seen as | Q
Alberti’s “centric ray” ‘» B
( “the prince of all rays™), "\ O
which runs as straight through the
center of the two tetrahedra as well as N J
the “tip” they have in common.
The line
and the circle
And finally, the most convincing display are the ﬁrst
has “the line” and “‘the CirCle” line and circle represe‘:ntat,l,ons
as opposites, connected by “the point.” of things™...
This corresponds with what Dee ...but they
says in Theorems 1 and 2 of the Monas: “depend” upon
the point
for their
existence.
The idea that the point is in the center of this arrangement corresponds
with the idea of hole in a camera obscura
or Bucky’s “locus of vanishment,” the centerpoint of the
4 pairs of tetrahedra that form a cuboctahedron.
Neholclofa Buckminster
Fuller’s
camera o
b locus of
ol el vanishment
Q /
@) / 'e)
J \_ ) 39




Putting “the point” at the center of the diagram
is the most meaningful way to see “point, line and circle,”
yet it is not one of the 3 sample ways that Dee actually gives in Aphorism 18.
In the three permutations he provides ( AOS or OSA or SOA),
none of them have an A as the middle letter.
I think Dee was simply being very cryptic here.
It’s certainly implied.
(Dee makes a big deal about permutations in Axioms 107 and 108,
as well as in his explanation the Pythagorean Quaternary in Theorem 23)
(Dee frequently uses this literary and graphic technique of
“showing something by not showing it.”
He has the clever ability to hide something “just below the surface”
so it’s intuitable, yet, to the casual reader, it’s invisible.)

You might be wondering how “the circle” and “the line” might be considered “opposites.”
Well, he has included another layer of Notariacal design in his work, and it’s fairly obvious.

point N
What does this L
representation
remind you of? O i /
circle Ine
%
\
Hint: here it is
with no labels:
O /
%
It’s a demonstration retrocity
of the “zero—one-retrocity” Q
which Bob Marshall calls the
“Prenumerical Tertiary Singularity,” @) /
the trinity of concepts that combine g Zero One/

to jumpstart the number realm.

/ “oppositeness” \
“The circle” is the shape of the digit 0.

“The line” is the shape of the digit 1.

And “the point” is the idea of “oppositenesss,” o / ‘
the mathematical function called retrocity! nothing, somitrhmg,

\”thef) Void”  “theall” )




To summarize, this (hidden) OAS, by “Notariacal design”
means “circle-point-line,”
which means “zero-retrocity-one.”

This relationship can be seen in Dee’s illustration
accompanying Theorem 2 in the Monas.

It looks like a simple depiction
of a “point, a “line”, and a “circle”

(with a radius and a centerpoint). ( ) retrocity
one
But, rotate it by 90 degrees, and the expressions of
zero, one, and retrocity become much more apparent! zero
-/

Next, Dee writes:
“learn as precisely as possible the natural properties
of these Three and what they produce naturally.”

Let’s visually translate “zero-retrocity-one”
in terms of black and white discs (or spheres), and
review how 2, 3, and 4 get “produced naturally.”

(The graphic depiction of “3 discs” here might not seem like
a very good representation of retrocity, but there must be retrocity in
“asymmetrical three” for it to be able to energize into “symmetrical four.” )

( N s A ( N
o
_ 0,0
zero-one | = @ = e PN @
AR

As explained earlier, perhaps it’s more . .
appropriate to show “zero-retrocity-one” two | =
as the interswirling halves of the yin-yang symbol,

compete with their complementary dots.
three =

four =

g & 8
°.




Then, Dee recommends:
“learn not only the primary, but also the secondary and tertiary productions.”

Here, he is referring to “productions” or “yieldings,”
which indicates that there is some sort of “activity” or “process” going on.

The “primary” effect of “zero-retrocity—one” is to create 2.

(“primary”, means “first” or “chief”)

-

It might seem absurd to suggest Starting with
that the word “primary” pertains to “2,” zero-retrocity-one, ..
but this is exactly what Bucky said:

“Unity is plural and at minimum 2.”
... its“primary” effect
is the creation

Dee didn’t consider “one” to be a number,
of the number 2...

but its primary effect (or result or yielding),

is the first real number, 2.

.. . ...and its “secondary”
(This is related to the idea that 2 effectis the creation

is considered the first prime number, of the number 3...
despite the fact that it is even,

and all the other primes, .and its “tertiary”
. . effect is the creation
up into foreversville, are odd.) of the number 4.
\

The “secondary effect” of “zero-retrocity—one” is to create 3.

The “tertiary effect” of “zero-retrocity—one” is to create 4.

(Note especially that Dee stops at 4.)

“zero-
. .. 1 "One” “Monas” retrocity-
Dee uses the Latin words “principales,” one”
“secundarios,” and “tertios.” “primary
Note that he does not say 2 Two “Binary” production”
“binary, ternary, and quaternary.”
. p . “Ternary” “secondary
These terms mean something 3 Three y production”
quite different to Dee.
" " u M “tertiary
4 Four Quaternary production”




Next, Dee writes:
“and also learn the way of restoring the tertiary to the secondary,
and the secondary to the primary.”

“zero-
1 “One” “Monas” retrocity-
one”
P 7 . " “primary
2 Two' Binary production”
2 3 ...and the secondary
(or 2) .
3 to the primary.
3 “Three” “Ternary” second'ary"
production And also
% (ord) > Iiarn away
P— of restoring
“ " " ” tertiary i
4 Four Quaternary production” the tertiary
to the secondary...

This provides a real clue that we’re on the right track.

“Restoring the tertiary to the secondary”here means “restoring” 4 to 3,
which is another way of phrasing Dee’s ubiquitous declaration
“Quaternary rests in the Ternary”!!

His other advice is to “restore” the “secondary to the primary,”
which means restoring the Ternary (3) back into the Binary (2).

Seen arithmetically this yields those key harmonies of 3:4
(or 4: 3 or diatesseron, or 3/4 or 4/3)
and 2: 3 (or 3:2 or diapente, or 2/3, or 3/2).

And the “primary effect” of zero-retrocity-one, is Twoness in itself.
This interaction expression of that third great harmony 1: 2
(or 2:1 or diapason, or 1/2 or 2/1).

e === ~
Ay
7 A
7 \
q q ) &
! ‘' “Binary
1 .
- 1 o2 | 1 rests in the
= (o2
d N 2 T | Monas”
| . \ | (myinferred
’ \ y
7 expression)
O o |
v “Ternar ! .
,’ ' ts i t)I; | ,{  (Unityis plural and
2 or3) | p KHSI ”e S at minimum two.”
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These “three harmonious” interrelationships among 1, 2, 3,and 4 (that is, 1:2,2:3, and 3:4)
are as vitally important to Dee as they were to the Pythagoreans, the Neoplatonists, Boethius,
and many more wise philosophers and mathematicians (and musicians) throughout the centuries.
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Dee’s final sentence in this Aphorism reads:

“In the same way, you should give the greatest consideration to why this very same
part may be the cause of not only differing effects, but sometimes of opposing effects..”
(Dee changed the word “quality” to “part” in his 1568 second edition.

As explained elsewhere, he was trying to eliminate the word “quality”” which
had become such an important clue in this 1564 Monas Hieroglyphica.)

This “quality” that he is asking us to ponder is the idea of “zero-retrocitiy-one.”
He has explained (cryptically) how its energy marches up through 2, 3, and 4.

But, the added power it has accumulated in these brief, yet important steps,
cycles its way through the rest of the realm of numbers in what he calls “Consummata.”
Bucky simply called it the “+4, -4, octave; null 9” nature of Number.

Marshall calls it the “Cycloflex.”

I call it the “9 Wave/11 Wave, 99 Wave, 1089 Wave...”

Actually we have now come back around “full Circle”
to the “4 great Wombs of the Larger World)
he mentions at the very beginning of the Aphorism.

If we assign 1, 2, 3, and 4 to the “left tetrahedron
and their counterparts 8, 7, 6, and 5 (respectively)
to the “right” tetrahedron,
we can see retrocity in action!

1 €8

2@@7
/aw\
2 3 4 6 7 8

While it’s true that these various pairs
like “1 and 8” or “2 and 7” are not transpalindromic mates,
they are essentially “opposites” within the octave of the single digits.

This becomes evident when we see
the energy of retrocity (+4, -4, octave; null 9)
in the “sngle and double-digit” realm of number.
(For example, the 1 and 8 now can be seen in 18 and 81)

LT
/ ::%.2:\
/778N

\18 27 36 45 54 63 72 81




The “oppositeness” can also be seen in the
“+4, -4, octave; null 9” rhythm of the 3-digit range of number.
(Simply take out the “middle nine” of these numbers and you’ll see what I mean)

f 198 MSW b
297%792
396%693
/ 495%594

\198 297 396 455 ‘;94 693 792 891}

These 4 “characters” infused with “retrocity-power”
are “self-reflective,” thus making an octave, (followed by a null nine).
This energy pattern cycles its way through number, continuously reflecting
back on itself even as it proceeds further onwards (1089 Wave, 10890 Wave, ...).

Any of the octaves just described could be seen as 4 tip to tip tetrahedra,
or, when appropriately joined, a cuboctahedron.

The octave of “oppositeness” in the single-digit range of number, ... seen as a cuboctahedron

(front view) (rear view)
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4 N\
The octave of “oppositeness” in the 2-digit range of number, ... seen as a cuboctahedron
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(front view) (rear view)
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The octave of “oppositeness” in the 3-digit range of number, ... seen as a cuboctahedron

(front view) (rear view)

J

This display of “Consummata” is what he wants us to recognize after
“utmost thoughtful pondering” about the idea of “zero-retrocity-one” being
the “cause” of “oppositeness” that he mentions in the final sentence of the aphorism.

Its reflective nature permeates the realm of of numbers
starting with 2 (primary), 3 (secondary), 4 (tertiary). 45



Majoris Mundi magnus Matricibus
Majoris Mundi Magnus Matricibus
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Dees alliterative phrase
“Majoris Mundi magnis Matricibus”
the “great Wombs of the Larger World”

seems to be a confirming clue here.

The fact that Dee did not capitalize the word magnis
(great) seems to be to a red herring. Perhaps the
word means of the “greatness” implies capitalization.

If this was a capital M, we might envision “4 capital M’s”
representing the
“4 pairs of tip to tip tetrahedron” of a cuboctahedron.

2

as “8 inverted V’s,

This might seem imaginative, but remember, Dee uses a similar cryptic, graphic technique
with the alphabet letters in the “36 boxes” chart of Theorem 22.

(Two of those boxes read “Crux,” or “Cross,” just above a box containing the word Vivificans, with its 2 V’s.)

Aphorism 18 is a tasty stew
with a wide variety
of ingredients:

Latin Alphabet Letters
(A.S,0)

2-D Geometry
(point, line, circle)

3-D Geometry
(tetrahedron, cuboctahedron)

Number
(2,3,4)

Consummata of Number
(+4, +4, octave; null 9)

Harmonies
(1:2, 2:3, 3:4)

Dee mixes them altogether
skillfully and concisely.

Aphorism 18 is like a mini-version

of the Monas Hieroglyphica,

in which all of these concepts are

explained more thoroughly
(yet just as cryptically).

(It’s noteworthy tat Dee did not use the term
Majoris Mundi magnis Matricibus in his 1558 edition.

He added it in the 1568 edition)
46

In each of the four separate
great Wombs of the Larger World...
[Majoris Mundi magnus Matricibus]

Avisual summary of Axiom 18

(1234

..are three different parts.

However, at the same time,
these parts take form
and are equitably shaped
by their own considerations.

They may be called,
by Notaraical design
AOS or OSA or SOA.
(Pyrologians
will understand
what | mean)

Learn as precisely as possible
the natural properties
of these three
and what they
produce naturally.

Learn not only
the primary,
but also the secondary
and tertiary productions.

- J

And also, learn the way
of restoring
the tertiary to the secondary,
and the secondary to the primary.

In the same way,
you should give utmost
thoughtful pondering
to why, opportunely,
this very quality
may be the cause
not only of difference,
but sometimes of oppositeness.”

-

.

zero-retrocity-one

void -oppositeness-all

circle

~

-

N

1 zero-retrocity-one

2 “primary
production”

“secondary
3 production”

“tertiary
4 production”




FRACTIONS

AND
RATIOS

(A FRACTION IS A SPECIAL KIND OF A RATIO)

Imagine you are riding a bike on a hot summer day.
You stop to quench your thirst and guzzle down
2/5 of the water in your bottle.

Looking at the side of the bottle,
there are 2 parts empty and 3 parts of water left.

Thus, your empty-to-full water supply is in a 2:3 ratio.

This seems to imply you have 2/3 of your water left.
But this is not the case.

You actually have 3/5 of the water left.
What’s going on here?

The main kind of ratio I call a

“part to part” ratio.
You drank “2 parts” and there are “3 parts” remaining.

(The “part to part” ratio 2:3 actually implies
a comparison of two fractions, 2/5 and 3/5).

2+3=5

2; is the implied relationship
5 ° 5 of the 2:3“part to part”ratio

A fraction is a special kind of a ratio
which compares “a part to the whole.”

You drank “2 parts” of the “whole”(5 parts), or 2/5 of the bottle.

For clarity, I call this kind of ratio a
“part to whole” fraction.

Thus you could express the same quanity of water
in two different ways, both of which are correct.

———

———
you drank
2 parts...

S—

..and you have
3 parts left

S —

2 of the water
is gone...

2:3
“part to part
RATIO”

..and % of the water
remains

You drank % of the water

2

5

“part to whole

FRACTION”

Youdrank £ of the water

2
5
“part to whole

FRACTION"

“part to part
RATIO"

.........

~and 2 of the water

remains
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Remember, a fraction is still a kind of a “ratio”, so 2/5 can also be expressed as 2:5.
Sometimes I might refer to a “part to whole” fraction as a “ratio.”
But with the expression ‘“part to part” ratio, I am never implying a fraction.

As another example, here are some common “ratios, which are quite different animals
when seen as “part to whole” fractions versus “part to part” ratios.

-

“part to whole"ratios
or,as | call them, “part to part”ratios
“part to whole”fractions
Its ambiguous as to
what “kind” of ratios }— D 1 part to 1 part D I:l
lam referring to here:
1:1 12 I:E] 1 parts to 2 parts D Dj
1:2
ii % Djj 2 parts to 3 parts D] D:D
8 3
4;:56 2 Djjj 3 parts to 4 parts | | | ” | | | |
K j %Djjjj 4partst05parts| | | | ” | | | | |
ST T T ) seeeses [ T T TILTTTTT]
~ J

In which of these 2 categories is the
“height to width” comparison of a rectangle?

Looking at a 5 x 7 photo,
it seems like the 5-inch dimension (vertical height) is one “part”
and the 7-inch dimension (horizontal width) is another “part,”
thus falling into the category of a “part to part” ratio.

But this is not so!
The 5-inch dimension is being compared
to the 7-inch dimension,
which acts as a “whole.”

In other words,
we’re not comparing 5/12 and 7/12 here,
but 5 inches to a “whole” of 7 inches.

Thus, rectangular dimensions fall in the
“part to whole” fraction category.

“Height to width” ratios
fall into the
5 “part to whole” fraction
category.




What about the word proportion?

A proportion as a statement of equality between two ratios.
If two “part to whole” fractions are in “proportion,
they are essentially equal.

For example, two rectangles expressed as
“height to width” might be in proportion.
A “5 x 7 photo” is in the same proportion as a “10 x 14 photo.”

But “part to part” ratios can also be in proportion.

A (5 parts scotch: 7 parts soda) drink 5 7 0
is in the same proportion as a —_— .= =
(10 parts scotch:14 parts soda) drink 12 12

When Dee says “Quaternary rests in the Ternary,”
which of these two categories of “ratios” does he have in mind?

The answer seems to be: BOTH!
Here are some ways he expresses th 3:4 “part to part fraction™:

4 N\
The horizontal line of

Dee’s offset Cross of the Elements
intersects the vertical spine
at 3/4 of its height.

—
N

EN[PV]

Dee’s A horizontal line

NN

Ciese 3/4 of the way up the Title Page
ST coincides perfectly with the

top of the capital of the 2 columns
Elements

L ) (or the bottom of the entablature

that rests on the columns).

In fact, the whole Title Page
4 has a height: width
ratio (the fraction kind) of 4:3.

Nlw




These measurements suggest that Dee saw “Quaternary rests in the Ternary”
in the “part to whole” fraction category.
But not so fast.
In many other ways,
Dee used this maxim to express a “part to part” ratio.
In Theorem 6, when he describes the Cross as “ternary” or “quaternary,”
he says they “manifest a remarkable septenary.”

1
In the Artificial Quaternary of Theorem 23, 8 { v { 4
Dee breaks the 7 into 4 and 3,
without explaining why.

Dee’s unexplained division
of the result“8”
in his Artificial Quaternary.

-

In his 1570 Preface to Euclid, Dee explains how specifically the 3:4
“part to part’’ratio is useful in the field of law:

“Wonderful many places, in the Civil law,
require an expert Arithmetician, in order to understand
the deep Judgment and Just determination
of the Ancient Roman Laws.”

He adds:

“the Ancient Roman Laws, cannot be perceived
without good Knowledge of Number’s art.
Nor is Justice (in infinite cases) able to be executed
without due proportion (narrowly considered).”

(My transcription of Dee, Preface p. a.j. verso).

(Dee’s parenthetical expression “narrowly considered”
appears to refer to the “due proportion” resulting from what I call a “part to part” ratio.)
He cites the ancient Roman inheritance law, the Lex Falcidia.

(Falcidia seems related to falcifer, meaning “scythe-bearing,” like Saturn, Father Time.)

This law, instituted in 40 BC decreed that a Roman could only give away 3/4 of his estate.
The other 1/4 (“quarta Falcidia”) was guaranteed to his heirs.

(There are other rules that make the system a mathematical challenge,
for example, if there are multiple heirs, they are each entitled to a “quarta Falcidia”.)

To demonstrate, Dee gives the example of three heirs (a wife, a son, and a daughter)
who each get “30” of something (probably aurei, gold coins).

At the time of death, each heir gets 4/7 of their portion (or “17 1/7” of the “30”).
Ten months later (to ensure that another heir is not born during that time),
the other 3/7 (or “12 6/7” of the “30”) is distributed the heirs.



Dee clarifies:

“For, what proportion, 100 hath to 75:
the same hath 17 1/7 to 12 6/7:
Which is Sesquitertia:
that is, as 4, to 3, which makes 7.”
(Dee Preface, p. a.j. verso)

At first glance it seems like Dee is referring to 3/4
or 75% of 100 (that is, a “part to whole” fraction).

100

75 | |

“three quarters” or 75 %

But closer inspection shows he’s really

100 | 75 |

talking about “part to part” ratios. |
Here are the three equivalent proportions

he mentions: |

Now its easy to see how Dee came up with |

those strange numbers, 17 1/7 and 12 16/17.

The 4 to 3 “part to part” ratio

These “part to part” ratios imply the p
comparison of two fractions.

The keys are these fractions 4/7 and 3/7,
which are divisions of 7/7, a whole.

In short, this is clearly a reference to
“Quaternary rests in the Ternary”

~
4 3
7 7
A
7
The 4 to 3 “part to part” ratio Y,

as a “part to part” ratio.

(A little more about Lex Falcidia)

Dee explains that six of the greatest legal minds of the Middle Ages and early Renais-

sance (Accursius, Baldus, Bartolus, Jason, Alexander and Alciatus) were confounded by the

mathematics involved in the Lex Falcidia inheritance laws.

Accursius (1182-1263) was an Italian jurist who compiled the “Great Gloss,” containing
over 100,000 glOSSCS.” (a gloss is a translation or an interpretation of a phrase).

According to Dee, when Bartolus (1313-1357) tried to understand the Lex Falcidias’s

math, even as explained to Accursius’ gloss, he declared:

“In the whole book,

there is no Gloss harder than this,

whose account or reckoning,

neither the Scholars, nor the Doctors understand.”

(Dee, Preface, p. a.j. verso).
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Dee was able to understand the mathematics of the Roman’s Lex Falcidia by studying
the works of Al-Farghani. Dee owned at least 8 treatises written by this noted Arab astronomer
Al-Farghani (ca. 815—ca. 861) was born in present-day Uzbekistan, but died in Egypt. His
most important work is Elements of Astronomy (a summary of Ptolemaic astronomy), but he also wrote on
the use of astrolabes and sundials. These texts were translated into Latin in the 1100’s and were

widely circulated up into the 1600’s.

Al-Farghani’s Latinized name was Alfraganus, which Dee uses in all the entries
in his Library Catalogs of 1557 and 1583, but in the Preface to Euclid he refers to him as

“Africanus.”(Roberts and Watson, p- 208)

Modern “fractions” are simply upside down Greek “fractions.”

Even with terms clearly defined, discussing “part to whole” fractions
and “part to whole” ratios together still can get confusing.
So, let’s concentrate first on “part to whole” fractions
(which includes the subcategory of “height-to-width” comparisons).

Let’s start with the 3 main Harmonies (1/2, 2/3, and 3/4),
seen in what I call the “modern way,” (that is, as fractions).

By making 4 stacks of blocks, (a unit, 2 units, 3 units, 4 units)
we can get a visual depiction of how 1/2,2/3, and 3/4
integrate with 1,2, 3, 4.

As each pile is a one-unit “step-up” from its predecessor,

the fractions proceed 1/2, 2/3, 3/4
(and might continue on as 4/5 5/6 6/7 7/8...)

I call this the “modern way” because the Greeks
expressed the same relationships in a different way.

They didn’t like fractions.
They preferred to deal in whole numbers.

They would express (1/2,2/3, and 3/4)
as (2/1,3/2, and 4/3).

They simply flipped the numerator and denominator
from the way we are used to seeing it.

-

The three main harmonies,
seen the “modern way’,

(in the intrerrelationships
between piles of toy blocks)

.
Hlw

.

The same piles of toy blocks
seen the “ancient Greeks way”
(as whole number comparisons)

“a half more
than a whole
of two”

“a third more
than a whole
of three”

“one more
than a whole
of one”

I’m not suggesting that 2/3 = 3/2,
as 66 1/3% and 150% are clearly different things.
But, we could say: (modern 2/3 = the Greek 3/2).




The Greeks used letters for numbers, so for “4 over 3”
they would use lowercase delta (8 , the fourth letter) and a lowercase gamma ( vy , the third letter).
But they didn’t use the “dividing line” which we conventionally use in fractions.
In text, they would sometimes write the numerator first, followed
by an accent mark, then the denominator, written twice,
each time with two accent marks (0’ y” v”).
(James Gow, A Short History of Greek Mathematics, p. 48).

As we’ve seen, Dee uses the Greek term prologous
for that larger, first term (4 or delta with one accent mark, §°)

and upologous for that smaller, second term (3 or gamma written twice, each with two accent marks y”y”).

(Dee, Artifical Quaternary chart, Monas, p. 26 verso).
Our modern 3/4, which the Greeks saw as 4/3, they called epitritos.

Epi means “upon” and #rifos means “a third.”

They saw 4/3 as “a third part upon a whole.”

Child’s play: expressing the 3 main harmonies as toy blocks
or as rectangles (horizontal or vertical).

One way to see the interrelationships

between piles of toy blocks. A Simple way to see
the “3 main harmonies” (1/2,2/3, and 3/4)

is in the interrelationships
g 9 between these piles of children’s blocks.

1 t02" “2to 3" “3 to 4"

The"ancient Greek way”

tosee the interrelationships Using the same piles and interrelationships,
b iles of toy blocks. . .
P oTiorFoc® the Greeks would have seen it this way.

3 3

NP AN/

“2t01" “3 02" “4t03"
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Next, let’s make these interrelationships more graphic

by applying them to the “height to width” of rectangles.

Applying the “Greek way” of seeing it simply makes
vertical rectangles with the exact same proportions.

See how the “Modern” results
are essentially the same thing
as the “Greek” results
(only with a 90-degree rotation).

The“ancient Greek way”
to see the interrelationships
between piles of toy blocks as ...

3
NN

“2to1” “3t02" “4t03"

2
3
4

1

2

.."height to width comparisons”
of rectangles.

The interrelationships between
piles of toy blocks seen as...

s d
NN

“1t02” “2to3” “3to4”

]

2 2

3 4

.."height to width comparisons”
of rectangles.

( The “3 to 4"rectangle )
., B N and a “3 to 4"rectangle
The"2to 3"rectangle are basically the same thing.
( N\ and a “3 to 2"rectangle
The“1 to 2"rectangle are basically the same thing.
and a “2 to 1"rectangle
are basically the same thing. s
.
1 ’
2 2 3 2
- M - U )
Here is how
it might be said that
2/3=3/2
Thus, all shapes of the same proportion @ )
’ . S 1 These “1 by 2” or “2 by 1” rectangles
regardless of scale (size) or orientation . are all basically expressions
are all basically expressions - of the same thing.
of the same thing. . D
1
2 1
2 5
For example, all these “1 by 2” rectangles : 1
1
or “2 by 17 rectangles , 3
. . . 2 1
are essentially expressions of the same thing. 1]
2
1 1
1 B —
- J




~ e
u — " These “3 by 4 "or “4 by 3" rectangles
2 These “2by 3 ,or 3by2 re.ctangles are all basically expressions s
are all basically expressions of the same thing.
’ of the same thing. 3
2 4 3 a 3
3 2
3 3 2
3 3 3|;| 3 4
4
— 3 3
2 0L g
3 3 3
3 4
J _ 3
As are any And
“2 by 3” or “3 by 2” rectangles, “3 by 4” or “4 by 3” rectangles
regardless of scale or orientation. as well.

To summarize, we shall see how Dee plays with these 4 ideas,
which are all essentially the same thing.

-

% “Part to whole” fractions (Modern, smaller number on top).

% “Whole to part” Greek“fractions” (larger number on top).
4 D “Height to width” making horizontal shapes.
3

3 I:I “Height to width” making vertical shapes.
_* Y,

The preceeding discourse might seem overly simplistic,
but it provides an essential foundation from which
we can see the geometric secrets hidden
within Dee’s illustrations in the Monas,

(and in the design of the John Dee Tower).
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A mirror in the middle of the Artificial Quaternary chart.

In this category of Pondera (weights) are two -~ ™
categories:
Analyt ica (analysis, or breaking a whole into parts) and
Synthetica (Synthesis or using parts to make a whole).
Analysis and Synthesis are opposites.

Dee describes Analysis as 4: 3.

L - J
In Synthesis, if Dee wants us to put
the upologous (second, smaller term in a ratio) - { 4 (The “ancient Greek way”
before the prologous (first, larger term in a ratio), Pondera { 3 to see fractions)
that would be 3:4 (weights) upologous (3)

(The “Modern way”

Synthetica: mirror {
prologous (4) to see fractions)

Is Dee trying to say the fraction 4/3 is the same as the fraction 3/4 ?
No.
He’s saying the Greek ratio of 4: 3 is the same as the modern ratio 3: 4.
In terms of a rectangle, a 3-inch by 4-inch horizontal photo is
4 inches by 3 inches if it’s held vertically.

Thus 3:4 and 4:3 are a mirror of each other.
They appear to be the reverse of each other, but they’re essentially the same thing.

The confirming clue here is the word kata,
(which follows the word Synthesis).

Kata is a preposition meaning “down or downwards,”
as in our word cataract, a “down-rushing” waterfall
or catastrophe, a sudden “downturn” of events.

(kata means “down” +strephein means “to turn’)

The Greek expression omosai kata tinos (vow + down + pay)
means to “vow or swear by something” because one
calls “down” the vengeance of the gods upon it.

In mortal affairs, kata means “against,”
like giving a speech “against” an opponent or
like a judge imposing the sentence “against” a criminal.
From this “against” sense we get the word “catapult”

(kata means “against” + pallein means to hurl or cast an object”

Also, is this “against” sense that is found in the word katoptriké or “catoptrics.”
There are three parts to the word:
kata means “against”
Op means “see”
triké (from tron) means “instrument”
Thus, katoptrike is an “instrument for seeing against” an apt description of a mirror.



While the word catatropic was popular with the ancient Greeks, Dee apparently introduced
into the English language. The Oxford English Dictionary cites Dees 1570 Preface to Euclid

as the first time “catatropic” was used.
(Dee, Preface, p. 20)

But he also used the word katoptriké (twice in Greek and once in Latin) in his
1558 Propaedeumata Aphoristica. Dee expert Nicholas Clulee explains
“as with [Roger] Bacon, optics plays a crucial role in Dee’s magic as well as in his
astrology because of the conformity of natural causes to the laws of optics.”
Dee discusses optics and catoptrics in Aphorisms 45, 48, 52, and 99.

In Aphorism 48 he uses the words optikés and catoptrikés.

Also,in Aphorisms 45 and 99 he writes about using this art to focus rays from celestial objects.

optikés and katoptrikés

48
...This happens (as | said) not through any principal ray
(meaning direct, refracted or reflected)
but through what philosophers skilled in

i ThEemam 46 optics and catoptrics call Reflections of Reflections...

Aphorism 52 begins with the word Katoptrikés, Dee explains that the art of of Catoptrics
goes way back in history and that he has incorporated it in his Monas symbol

Katoptrikés in Theorem 52

Catoptrica in Theorem 52

(using the symbols of the various planets).

a
52

If you are skilled in Catoptrics you will be able to artfully impress the rays
of any Star much more strongly upon any given material than Nature does by itself.
Indeed, this was by far the greatest part of the Natural Philosophy of the Ancient Wise Men.

And this Secret is no less dignified than the most distinguished
ASTRONOMY of the philosophers commonly called INFERIOR.
The symbols used in Inferior Astronomy are incorporated in a certain MONAD
which is derived from our Theories and which we send along with this little book.

Obscure, weak and (as it were) Hidden Virtues of things, when
strengthened by the Catoptric art, can become more apparent to our senses.
The diligent Investigator of Secret has this great assistance available to him
when examining the particular powers, not only of stars, but of other things
that the stars affect with their perceivable rays.

-

He also mentions the use of mirrors in his advice to Opticians in his Letter to Maximilian
“And won’t the Optician condemn the Senselessness of his ingenious work,

laboring in all sorts of ways to make a mirror...”
(when he might learn even more by exploring by camera obscura. )

(Dee, Monas, p.6)
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Dee wants us to see 4:3 as a mirror of 3:4. He wants us to see
that the “4:3-proportioned-upright-Title page” (height: width)
can be turned 90 degrees to become 3:4 proportion (height:width),
and both are still the same Title page.
So here in the midst of the Artificial Quaternary chart
this tiny word kata seems to refer to Katoptrike, or Catoptric, a mirror.

Beyond this, Dee also wants us to see the cuboctahedron (
as exemplifying this “oppositeness.”

As shown previously, the digits
(1to 8), (12 and 13), (24 and 25),
all relate to the cuboctahedron.

And the idea of 4:3 or (8 square faces: 6 triangular faces)
and 3:4 (3-sided triangles: 4-sided squares)
are key components of the cuboctahedron. L

Besides Dees references to Catoptrics in his 3 main mathematical works,
he wrote several texts that focused specifically on optics.
In 1557, he wrote On Burning Mirrors (how to focus the sun’s rays using parabolic mirrors).
Also in 1557, he wrote On Perspective (for painters).
In 1559, he wrote 3 books on the
Third and Most Excellent Part of Perspective,
on the Refraction of Rays.

Aside from simply coining the word
Dee was an expert on catoptrics.
Dee saw Nature’s characteristic of reflectiveness in many things,
from optics to number to geometry and more.

He saw reflectivity...
..In a MIrror (an object and an image of itself)
...In a camera obscura (inside and outside)
...In ratios (Greek way and modern way)
..An Consummata (the transpalindromic 9 wave, 99 Wave, 1089 Wave, etc.)
In Metamorphosis (the symmetrical distribution of primes)
In a cuboctahedron (each of the 4 “Bucky bowties™)

As a confirming clue to a confirming clue, do you recall seeing “kata” elsewhere in the Monas?
I'1l give you a hint. Dee uses the letters “c-a-t” from “cat-optrics.”
(And it’s not the kind of cat that meows)



.

On the Title page, Dee admonishes would-be critics of his book:

(He who does not understand should either be silent (racear) or learn (discar).”

HE WHO DOES NOT UNDERSTAND SHOULD EITHER OR LEARN OR BE SILENT

The first 3 letters of taceat are tac and the last 3 letters of discat are cat.
Tac and cat are transpalindromic syllables.
Not only do the syllables reflect each other, they also mean mirror!

(Give Dee a Genius Point for the cleverness of this clue.)

Curiously, when Queen Elizabeth asked Dee to explain the Monas Hieroglyphica
to her in private, she promised to “discat and taceat” (learn and be silent).

Pythagorean tetraktys
(Dee’s Pythagorean Quaternary)
seen as ten toy blocks

J/

(Dee, Compendious Rehearsal, p. 12)

Having seen seen that Dee’s enthusiasm for the

reflection of the Greek ratios and the modern ratios,

Another lesson using toy blocks.

It’s obvious how these 4 “piles of blocks”
might be rearranged or “stacked up,”
to form the Pythagorean tetraktys
(or Dee’s Pythagorean Quaternary).

Another way to arrange these ten blocks is in one tall column.

Halfway up the column is 5 blocks, a whole number.
But two-thirds of the way up the column is

6.66... blocks, which is not a whole number.
And three-quarters of the way up the column is 7.5 blocks.

Again, not a Whole number.

Zeus would not be pleased with this arrangement.

let’s see how he hid various ratios in the Monas illustrations.

10 blocks = =

]
1
—

7.5 blocks == -
6.66...blocks = = .-

5blocks = = - -

Ten blocks
don't divide evenly
by 2/3 or 3/4
as“whole” blocks

59




60

s

12 blocks = = ==1

The simple solution is, of course, to use 12 blocks instead of 10. 3
Here’s where that highly composite number 9blocks = ==alf = =7

12, (the docena) really shines. 8 blocks = = - %

Halfway up the column is 6 blocks.
Two-thirds of the way up is 8 blocks. 6 blocks = === = =
And three-quarters of the way up is 9 blocks.

N|=

All whole numbers —Zeus is pleased.

Do you recognize these numbers, 6, 8,9, and 12?
They are the numbers used by the
Neoplatonics like lamblichus and Nicomachus, Twelve blocks
and by Boetheus, (The Docena)
: . divide nicely
(and by Rafael in }‘ns. by 1/2,2/3 and 3/4
“School of Athens” painting)

to express the 3 main harmonies,
diapaison (2 to 1), diapente (3 to 2) and diatesseron (4 to 3).

We have come full circle and in through the back door
using the same thought process that those ancient mathematicians used.
Only they expressed it in different ways (most noticeably, they didn’t use toy blocks).

Let’s see how Dee integrated the 3 Main Harmonies,
1/2,2/3, and 3/4 in the illustrations of the Monas?

The “3 to 4” Harmony

The 3:4 harmony is most evident on the Title Page.
A rectangle that touches the outer edges of the architecture
(including the tips of the leaves which burst forth from the urns)
is exactly in the proportion of 4 to 3 (height to width).

The confirming clue that shows that this is no “accident”
can be seen by applying a 4 x 3 grid.
( It’s actually easier to see if we momentarily delete
the emblem and all the words from the Title Page).



The horizontal dividing line that is
1/4 of the way up from the bottom
marks the base of the 2 columns
(or the top of the 2 pedestals).

The horizontal line that is 1/2 way up
cuts across the exact vertical middle
of the height of the columns. 4

And the horizontal line 3/4 of the way up
marks the top of the 2 columns
(or the bottom of the entablature
that surmounts the columns).

This is no accident.
The Title Page itself is very
“Quaternary rests in the Ternary”-ish.

The 2 to 3 harmony.

Next, the 2/3 harmony is also easy to spot.

The “rectangular part” of the
“Thus the World was Created” chart is exactly
in the “2 by 3” (height to width) proportion.

The fact that this is no accident
can be seen by applying a “2 by 3” grid.
The midline of the height dimension
is the line separating Dee’s “Above” from “Below.”
The “thirdings” dividing the width fall at important places.

The 1/3 line coincides with a vertical line
next to the Solar and Lunar Mercury Planets symbols.
(This line was printed in the “engraving” pass through the press). 3

The 2/3 demarcation of the width is even more telling!
It runs vertically right through the digits in Dee’s Artifical Quaternary!
(including that important “Engraved 2”!).
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The ““ 1 to 2 harmony

Dee has made the harmony of diapiason,
(or the “2 to 1,” or the “1 to 2” or the 1/2 proportion)

a little harder to find.

As described earlier, 1
one must first find the Metamorphosis numbers
in the circle segments on the right side of the chart.

As the largest encompassing circle segment
represents 360, the segment must be “ballooned up”
to become a more appropriate “half-circle.” 2

The confirming clue here is that the whole chart can 1
express two circles, a huge theme in the Monas.

When a “1 by 2” grid is overlaid on this
now-expanded illustration, the vertical line
marking the middle of the width runs
right through the Artificial Quaternary again!

(Mathematically the reason for this is quite simple. 1
If the width of the rectangular part of the chart is x,
the whole chart, including the ballooned part, is (x + 1/3x),
which is then divided by 2.
This all is equivalent to to 1/2 x + 1/6 X,
which is 3/6 x + 1/6 x, which is 2/3 x,
which is the description of the line marking 2
2/3 of the width of the“rectangular” part of the chart.)

To summarize, Dee hid
the 3 Main Harmonies (1/2,2/3, and 3/4) in the outer proportions
of the “Thus the World was Created” chart and the Title Page.

p
Expressions of the 3 main harmonies
in the “outer proportions” of Dee’s illustrations
1 2 3
2 3 4
1 2 3
2 3
4




The 3 main harmonies (1/2, 2/3 and 3/4) in the inner proportions
of the “Thus The World Was Created” chart.

We’ve seen how the lines of the “2 by 3 grid” corresponds with important features in the chart.
Let’s investigate even finer grids of the same proportion.
The “6 x 8” grid is nice, but the “8 by 12 grid is even nicer.
Note that the grid squares define the edges of the square boxes of the chart
which contain the engraved digits “1 through 7”(in the Below half ),
and also “1 through 8 (in the Above half).
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The “quartering, thirding, and halving” marks of the width all align with vertical grid lines
(as the width is that highly composite number 12).

But the “thirding” marks (1/3 and 2/3) of the height do not align with any of the horizontal grid lines

(because 8 is not evenly divisible by 3).
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There is something suspiciously propitious
in the “thirding” of the “rectangular part” of the chart.

Even though the “1/3 of the height line”” does not correspond
with any of the horizontal lines of the “8 by 12 grid, let’s draw it in anyway.

Notice that it intersects the vertical line marking
“2/3 of the width” exactly on the “Engraved 2” of Dee’s Artificial Quaternary.
The (dotted line) diagonal (of this “Rectangular part “of the chart)
also passes through the “Engraved 2!”

WIN

w|—=

WIN
W=

- J

The reason this happens can be seen by examining the rectangle
formed to the to the upper left of the “Engraved 2.”

This smaller “rectangle” and the larger “rectangular part” of the chart
are what geometers call “similar” rectangles.

As they are in the same proportion, their diagonals are at the same angle.
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I e These are “similar”rectangles
- . .
2 ‘e as their diagonals
"’n are at the same angle.
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As a professional photographer, my art director clients would often give me specific
proportions into which I had to fit all the elements of a photo so they would properly fit client’s
pre-designed layout.

Before capturing the image on film I would shoot Pola-
roid test prints to show the client. We would put a pair of crop- '
ping L’s set to the clients specified proportion, on the print to
assure the image would “fit” properly. These cropping L’s were
connected by a diagonal rod, so the “crop” could be enlarged or
reduced, but remain in the same proportions.

With the advent of digital photography, constraining pro-
portions for various croppings became as simple as “typing the
proportions in the “Crop Tool dialog box.” A simpler example .
of “constrained proportions” is using a zoom lens on a 35 mm
camera. The “scene” can be “cropped” by “zooming” to any
provided focal length, but the finished picture will always be in
the “1 to 1-1/2” proportion that a 35 mm camera captures.

The only problem with this “sweet spot” was that it involved “thirding” nicely, but didn’t
involve halving and quartering at all. As it turns out this is not a problem, but a clue to the solu-
tion of a bigger puzzle.

Instead of only looking at the 2 by 3 “Rectangular part” of the chart,
let’s look at the full “I by 2” chart.
Let’s extend the “8 by 12” grid to an “8 by 16 grid in order to include
the “ballooned 360 half circle” on the right side of the chart.

As we’ve seen, this puts the halfway mark of the width
in line with Dee’s Artifical Quaternary.

However, because 16 is not evenly divisible by 3,
the 1/3 and 2/3 marks of the width do not align with any of the vertical grid lines.

Full chart
including the “360 segment”
16 ballooned to a half circle
, A T I A
1 i A [} .
|| | | |
3/4---> B e et
5333./8  2/3------ > ! [ !
1 t
L] ] ]
S 1 1 1 1 ' 1 ' H 1
1/2 [ | | [ | | . | 8
10666../8  1/3 ==---- > | { i i i |
R 1 H ! H ¥ ! §
/4 > ‘ i { [ 1 = | ¢ H
EERRRRRERREN

A A A A A

11 1 2 3

4 3 2 3 4
5333 10.666...
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This problem can be resolved if we use a grid
which is 3 times finer,

in other words, a “24 by 48” grid.
This appears to be the grid

that Dee used for the chart!!!

48
34>
2/3 -----n- >
1/2 > 24
1/3 --eeee- >
1/4---->
A A A A A
L 1 2 3
4 3 2 3 4
12 16 24 32 36
8 8 8 48 48

Suddenly all the vertical and horizontal
quartering, thirding, and halving marks all correspond with grid lines.
This appears to be Dee’s grid!

Let’s investigate each of these “division” lines individually.

Let’s start with the divisions of the WIDTH and see what they align with vertically.
The 1/4 mark aligns with the engraved line to the left of the Solar and Lunar Mercury Planets symbol.

The fact that the 1/3 mark goes through the small numbers 2, 3, 5, and 6 might seem insignificant,

but it’s actually VERY significant!
The reasonisthat2 +3 +5 + 6 add up to 16,
and 16 is a third of 48.
In other words, this 1/3 line is also the 16/48 line.
(More on this thrilling clue later).

Next, the 1/2 mark aligns with Dee’s Artificial Quaternary (and thus a special member of that Qua-

ternary, the “Engraved 2.”)
The 2/3 mark seems to almost align with the 1 in the number 12 and the 2 in the number

24, two ver Yy important numbers for Dee. (The alignment is not perfect, but judging from the 4 short vertical lines
to the left, there appears to have been some rightward drifting of the type in this section of the chart during the printing process.)

The 3/4 mark aligns with the right edge of the “rectangular part” of the chart (because
the “ballooned 360 half circle” section that was added expanded the width of the chart by 1/3
(and 3/4 of 4/3 is 1).



Next, we’ll look at the quartering, thirding, and halving
of the HEIGHT of the chart.

The 1/4 mark corresponds with the important horizontal line which separates “Lunary
Things” from “Solary Things” (both of which are in the “Below” half of the chart).

The 1/3 mark of the height is very exciting. Following its progress from left to right, it
just nicks the A in the word Aé&ris, crosses through the number 6, bisects the capital letter A in
Animae (and more importantly the word “Anus,”’or “Annulus,” the Gold Ring of Gyges), and
finally cuts right through the “Engraved 2.”

Along with the vertical line that marks 1/2 of the width, they make like the crosshairs
(like on a rifle scope) directly pinpointed on that “Engraved 2! (This provides further evidence
that the “Engraved 2” was made to look like “a mistake” on purpose, in order to highlight it.)

Next, the 1/2 mark is just as exciting. It aligns with that grand division line (the Horizon
of Time) which separates the “Below” half of the chart from the “Above” half of the chart. It
separates “Earthly” things from “Divine” Things.

What’s more remarkable is that, in this 24 by 48 grid, it marks 12/24 of the height. These
two numbers 12 and 24 are of key importance throughout the Monas. For example, in Theorem
11 Dee explains that the “mystical sign of Aries” signifies the spring equinox when there are
exactly 12 hours of daylight and 12 of darkness in a 24 hour day. He adds “Twenty-four Hours
of Time divided in Equinoctial mode denote our most Secret Proportions.”

Well, the idea that the 12/24 mark divides Earth from Heaven in this chart makes it very
important indeed. (It might also be noted that the chunk of grid added to accommodate the “bal-
looned 360 half circle is a “24 x 12” grid square section on this chart).

The numbers 12 and 24 are also important as the first two numbers of Metamorphosis.
They are also both “results” of the Artificial Quaternary. And will see they play a key role in the
design of the John Dee Tower!

Next, the 2/3 line is thrilling for a different, more subtle reason. It underscores the
number 6 and the number 2, thus mimicing that “1/3 line”” which passes through a 6 and the
“Engraved 27). At first I thought these might be more representations of “twelveness” (6 x 2=12)
until I noticed that the 2/3 line also cuts through the “letter A” in Metamorphosis, (just as the 1/3
line cuts through the A in Animae). Given Dee’s fondness for the Latin alphabet letter/number
code, these A’s might be read as “17, as “A” is the first Letter of the Latin Alphabet (likewise
Alpha in Greek and Aleph in Hebrew are “firsts”).

Combining the 612 from the 1/3 mark and the 612 from the 2/3 mark makes 612612.
This is very close to being 6126120, the eighth member of the Metamorphosis sequence, which
when doubled by that Engraved 2, makes 12252240 the Exemplar number! This is all too fitting
to be happenstance. But still Dee is off by a factor of 10. The zero in 6126120 is missing, and
its unlike Dee not to include it. (It’s there, but this is not the place to explain it. Can you find it?)
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Finally, the “3/4 of the height” line divides the “Above” half of the chart into two hori-
zontal sections. This line passes through the centerpoint of the large, “dotted-line X in the
upper right quadrant of the chart. It also seems to be a demarcation line above which all of the
words in the “round” sentence are found.

The “leftover” area below the line (in that quadrant) is the only part of the chart where
there is no information. This vacant area measures 6 grid squares high by 18 grid squares tall,
which makes 108 grid squares — another key number in Dee’s mathematics. (As 252 + 108 =
360, among other reasons).

To summarize, so many important features correspond with the 1/2, 1/3, and 1/4 marks,
it appears that Dee used a 24 x 48 grid for his chart.

A confirming clue.

One final clue that Dee used a 24 by 48 grid is that the

two boldest numbers in the chart are 8 and 4. Granted, they are
“backwards,” but Dee knew that anyone familiar with transpalin-
dromes would see 84 as an expression of its opposite, 48.

(I have previously explained that the Bold 8 and the Bold 4 also express the

“+4, -4 octave” rhythm inherent in the Base Ten numbering system. It’s not unlike Dee

to get two uses out of the same clue. It emphasizes the importance of these numbers.)

Picture this.
Dee is at his desk in his study at Mortlake,
surrounded by his library of wisdom from the past.

He wanted to summarize the mathematical
cosmology of Nature that he had uncovered.
On a blank sheet of paper, oriented horizontally,
he drew a grid of 24 by 48 small squares.

(I surmise that his grid squares
were each 1/2” tall by 1/2” wide,
making a chart 12 inches tall by 24 inches wide.
(If the grid squares were each 1 inch by 1 inch,
the chart would have been 2 feet tall by 4 feet wide,

unnecessarily large and cumbersome for a desktop.)

Thus, Dee’s template for his important chart
summarizing the “Creation of the World,”
would include those powerful numbers 12 and 24.
A most propitious place to start.



A “sweet spot” in Dee’s web of geometric harmony.

, . . .
We’ve seen how Dee integrated the 3 main harmonies Dee divided the grid for his chart into

in the outer proportions of his summary chart

Plus, we’ve seen how he integrated them
in the inner proportions.

But he integrated them even further
into the inner proportions
by using them to highlight
one particular “spot” in the chart.

Dividing a “24 by 48” grid
in halves, thirds and quarters
makes smaller sections of
12 by 24,

8 by 16,
and
6 by 12,
respectively.

Superimposing all these subdivisions

makes a plaid pattern with 25 intersection points.

This is way too many possible “sweet spots.”

So let’s look at this problem in a new way
— following the path of how Dee’s math works.

Halves, Thirds, and Quarters

48

24 24

48

48

24

24

24

48
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Here is a summary of the 24 by 48 grid seen as a whole, halves, thirds and quarters,
which I’ve expressed as as 1, 1/2, 1/3, and 1/4. The fraction-flopping Greeks would have seen
this as 1, 2/1, 3/1, and 4/1 (or simply 1,2, 3, and 4).

Ve N
Dividing Dividing Dividing
Whole, hei_ght and width height and width height and width
full height and width into halves into thirds into quarters
1 1 1

The “Greek way” of expressing these fractions:

1 2 3 4
T 1 1
Which is simply:
1 2 3 4
- J

It’s like the Pythagorean Quaternary seen as “divisions” instead of “wholes.”

But remember, Dee “modified” the Pythagorean Quaternary (1, 2,3, 4)
into his Artificial Quaternary (1, 2, 3, 2).
Dee saw that the 4 only “needs 2”
(as “another 2” already has been encountered previously).
The “essence” of 4 is 2.

(As we’ve seen, this leads to an understanding of the Metamorphosis sequence.)

In a similar, way,

Dee would have seen that the essence [~ o N
. . Dividing Dividing
of geometric quartering height and width height and width
is essentially halving. into halves into quarters

For example, here I’ve removed a e

“quarter chunk™ from the full chart.

It looks exactly like the “halving”
depiction, only on a smaller scale.

You can see how closely divisions
into halves and quarters are related




i Dividing' Dividing
Whole, he'ignht:)ar:‘adlv":'sdth helght ar;? width
full height and width into thirds

1

So let’s remove the “quartering” grid for a moment.
What we’re left with is the “halves” and “thirds”
(and of course the “whole”, or full height and width).

Of the 9 intersections, there are only 4 that celebrate
the superimposition of halves and thirds,
(shown here with large asterisks).

There are four“hot spots”
where “halvings”and “thirdings”
intersect

A\
s N
When this combo-grid is
superimposed over the actual chart,
we find that one of these “hot spots”
falls exactly on the “Engraved 2!”
One of the"hot spots”
falls precisely
_ on the "Engraved 2 )
s N
One of the “hot spots”
falls precisely
on the "Engraved 2"
This simplified version shows how this sweet spot
is related to “halving” and “thirding.”
But, alas, it appears to be unrelated to “quartering.” %
*
1
3
1 1
2 2
" J
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But not so fast. 5
there is a hidden geometric interconnection. 3
Remember that diagonal line from the analysis *
of only the “rectangular part of the chart?” 1
3
2 1
3 3
A\ J
( ]
“Quarters”are also involved,
as the diagonals of “3/4 of the chart”
Here we see that its lower, right-hand tip intersects pass through that nexus.
with the 3/4 mark of the width of the now-wider chart . x
. . . . .
which includes the “360” half circle. ’0.. ,“
L 2 *
0~.~ “’0
~~. .o
In the same fashion, ,’*x
. . *
the other dotted-line diagonal shown here R R
. . A
intersects the “1/4 mark™ of the width of the chart. = -
1 1
4 4
N J
4 Dee’s “Engraved 2" \
. . . is at the intersection of these lines
ThlS feaﬂy hlghhghts which involve the whole (1), and also the fractions 1/2,1/3,and 1/4
the “Engraved 2” or as the Greeks would have expressed it, 1, 2/1, 3/1, 4/1,
or in simplified terms, 1,2, 3,4
as a nexus. -
.
..’~ o"
. . L2 *
It’s like a geometric R o
. . 4
train station e, ot
. . S
with railroads AN R
. 1/3 0r3/1 *
headed in or simply 3 R R
. . . . . .
eight different directions. . R
. -
it al
Wholeness, 1/4 or ‘IW 1/2 or2/1 “wholeness”
orsimply 4 or simply 2 or1/1
1/2,1/3,and 1/4 or simply 1
are all involved.
The “Engraved 2” itself ...and the Artificial Quaternary
is a member is Dee’s “modification” of the
of the Artificial Quarternary, Pythagorean Quaternary,
OI' as the Greeks shown vertically in the chart... 1,2,3,4.
would have put it,
whole, 2/1 . 3/1 R and 4/1. In short, this intersection point
is self referential.
. Dee is graphically emphasizing
Or slmply 1, 2, 3, and 4. the idea that Number and Geometry
are two sides of the same coin! )
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Dee positioned the “Engraved 2” at the precise point where it would be “‘self-referential.”
It is a member of the Artificial Quaternary (1, 2, 3, 2), which is Dee’s “modification” of the
Pythagorean Quaternary (1, 2, 3, 4), which suggests wholeness, halving, thirding and quartering.
Here at this “crossroads,” Geometry and Number are singing the same song.

All this helps explain why Dee rearranged the sequencing of this Artificial Quaternary
(1,2,3,2)to (1,2, 2,3) in this chart. He switched the positions of the number “3” and the final
number “2” so that 2 would fall on the “hot spot.” This number “2,” is the only thing that dif-
ferentiates the Pythagorean Quaternary from the Artificial Quaternary. (Not to mention how Dee
uses it as the final clue for reaching the Exemplar Number, 12252240) (And also as an expres-
sion of the “2 circles”, the Sun and Moon, that help to provide the framework for the whole “24
by 48 grid” that is 2 times wider than it is tall.)

This also proves that Dee’s crosshatching of the “Engraved 2” was not an accident. Dee
made it appear to be a careless mistake that was corrected late in the printing process, but it’s
actually a disguise to hide his geometric goldmine.

In summary, Dee has woven a wonderful web

. . e
of the prime harmonies. “Wholeness”

. . . is expressed
It is divine, visual music that he obscures by the unity of the two circles

by hiding itina cacaphony of other details which are an integral aspect of the the chart.
and by cryptically concealing
the true “1 to 2” dimensions of the chart.

The arithmetical and geometrical concepts
that Dee is dealing with here are so primal,
it becomes easier to undestand
why he called the study of these things:
“ARTIS SANCTAE”

( The Sacred Art). - -

The wondrous interrelationships among 1/2, 2/3, and 3/4
seen as glasses of milk and geometric rectangles.

In Aphorism 18 of the Propadeumata Aphoristica, Dee encourages the scholars (crypti-
cally) to learn about the interrelationships among the three main harmonies 1/2, 2/3, and 3/4.

Noodling around with these three fractions (and their reciprocal Greek expressions), I
came up with three interesting interrelationships.

I don’t know about you, but to me
its dizzying to look at these 3 equations Three interrelationships
and compare them to each other. It’s between the 3 main harmonies
clear that they are all describing the same

basic intertwining, but there are too many
flip-flops and switcheroos going on here

N|—
>
N|w
Il
Blw
wiN
>
Dlw
1
N|—
B jw
—=IN
N lw

to easily get a handle on what’s going on.
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Note that the first equation begins with 1/2, the second begins with 2/3, and the final one with 3/4.

To give these fractions some traction, let’s turn them into action verbs.
Let’s look at 1/2 as “cutting in half” or “halving” for short.
The fearless hero “halved” the poisonous snake.

Similarly, let’s look at 2/3 as “two thirding.”
The farmer found that only two thirds of his apples were fit to sell,
(the rest were barely fit for applesauce).

He “two thirded” his crop.

And finally, “three quartering,” means taking three quarters of a whole.
At the movies, my friend “three quartered” the popcorn, then “shared” it with me.

If you start with h
3/2 cups of milk...
To visualize the first example, (1/2 x 3/2 = 3/4), let’s use
a slightly less dramatic “glasses of milk™ analogy.
Let’s say you had 3/2 of a cup of milk ~andyou _
(meaning one and a half cups in a tall glass). it T :i‘l’fp
left.
If you “halved” that quantity, et
you would have 3/4 of a cup. I ox % = 3
(halving)
- J
s ~N

If you start with
3/4 of a cup of milk...

Similarly, if you “two thirded” a glass of milk ~andyou =
. "two-third”it... ...you have
that was only 3/4 full to start with, 1/2 of a cup

the result would be a 1/2 glass of milk. feft.
(two-thirding)

(G J
s N
If you start with
2/1 (or 2) cups of milk...
.andyou o e
Finally, “three quartering” two cups of milk “thiee-quanterit... 3/2 cups
results in one-and-a-half cups. i
3 2 - 3
a X g 2
(three-quartering)
- J
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Now let’s switch from white cow juice in glasses to geometric rectangles.

|—
>
No|w
Il
Blw

“Halving” a rectangle that has a

“height to width” proportion of 3 to 2 halving...
results in one that has the proportion 3 to 4. 3l | 2
— =
(cut here) 3
2 4
N J
4 A
2
L . 5 X 3 o= 3
Similarly, “two-thirding” a rectangle o
. - . . two thirding...
with a “height to width” proportion of 3 to 4 )
results in one that has the proportion of 1 to 2. 377 =
4 2
N J
4 )
= X 2 - 3
inally, “th ing” I ! 1 2
Fma ys t ree—q}lartermg a.rectang e three quartering..
with a height to width proportion of 2 to 1 (cut here)—__
results in one that has the proportion 3 to 2. 2 =3
1 2
S J

Hopefully these simple demonstrations have made the three equations I found more tangible.
Because, hold on, there are more!

If the 3 equations are considered as the
“modern” expression of these fractions,
let’s alternatvely look at them
in the “ancient Greek way.”

In other words, with the reciprocals of all the fractions.

4 . . . N\
These same interrelationships

expressed the “ancient Greek way”
(in other words the same equations
expressed with the reciprocals of all the fractions)

[SNIE-N
>
NI—=
1]
wIN

=N
>
wIN
I}
[SS]2:N
Nlw
>
[SS]E-N
1]
=N
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Seeing these as action verbs,
there are doublings, one-and-a halvings,
and one-and-a-thirdings going on here.

I’ll spare you the milk and rectangle demonstrations

and just give a summary chart of the, now, 6 equations.

( )

Summary of
these 6 equations
. J

-
The results are the same.
But wait, that’s not all! Only the order

of the multiplicands

Let’s take these six equations has been switched.

and switch the “order” of their multiplicands /\

(the two things that are multiplied).
1y 3
Why bother? §X§=% %X%=%
Mathematical common sense tells us
. . 2y2_-4 2 y2_4
the resulting product will be the same. 17373 3 X753
But remember, we’re using the first multiplicand % X % — % 342-1
as an action verb performing an action 47372
on the second multiplicand. 3x4=2 4y 3-2
20377 34277
Thqs, in a physical (milk) or . 3,2_3 2,33
geometrical (rectangles) demonstration, 4 "1 72 144732
the, now, 12 equations all
) ) 4512 1 y4_2
describe different events. 34273 2 7373
Yet each of these expresses
a different “geometric event.”
-




A dozen interesting interrelationships involving the 3 main harmonies

1 3 - 3 1 4 2
2 X 3 = z 2 X 3 3
halving... i
9 3 halving... 4|
(cut here) 3 (cut here)
2 4 3 3
2 3 _ 1 2 2 _ 4
3 S 4 - 2 3 $og = 3
two thirding... two thirding...
(cuthere) _ (cut here)\’
3 - 1 2 =
4 2 ] 3
3 2 = 3 3 2 _ 1
4 X 1 - E 4 X 3 = 3
three quartering... three quartering...
(cuthere) —_ 1. (cuthere)—_, [-._-
1 > 3 2
3 4 — 2 3 1 3
DR = 7 2 X 32 3
one and one and
a halving... /\ a halving... /\
4| ... = 2 3
. | —
3 7 2 Z
4 1 2 4 3 2
5 XY = 3 3 X 3 1
one and one and
a thirding... /\ a thirding...
2
1 = 2 3
2 3
2 1
2 2 — 4 2 3 3
T X3 - 3 T X 2 2
doubling... /\ doubling... /_\
4 3
2 = 3
3 3 2 5

Even a cursory glance at this chart will tell you

that there are 12 different “events” going on here.
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There are three reasons why I’ve delved into this matter so deeply.
The first: Dee enthusiastically recommended it in Aphorism 18.

The second: “Look at all the fabulous interconnections between 1/2, 2/3, and 3/4”!!!

The third: Dee uses these “events” in various ways in the Monas Hieroglyphica illustrations.

~
J/

For example, look at the event labeled “K.”

This is essentially what Dee is
expressing by the two versions of his
“Thus the World Was Created” chart. 2

Adding another “third” to the

“rectangular part” of the chart”(2 by 3) -
will result in the “ballooned 360 2 1

version of the chart (1 by 2). N J

As another example,
the events labeled “A, G, F, and L”
can all be seen as expressions
of either “halvings or doublings.” 4

Events F or G might be seen as -
two “rectangular Creation” charts (each 2 by 3)
fitting onto the Title Page (which is 4 by 3). 3 3

Look at the events labeled “A or L”
They mignt be seen as
two Title Pages (4 by 3)
fitting into the
“rectangular Creation Chart”(2 by 3)




I call this curious relationship the “Russian doll effect”
after the Russiian”Matryoshka” nesting dolls.
One fits in the next,
which fits in the next,
which fits in the next...

<— halvings 15

RaeY

doublings % _

-
4 N
<— halvings 15
doublings 1% _
N J

I realize that following all these fractions and shapes can get confusing.
The main point here is that 1/2, 2/3, and 3/4 are wondrously interwoven.

This visual inventory will provide clues to other relationships that Dee
is expressing in his illustrations and their invisible, yet implied, grids.

There is another clue which Dee planted on the Title page
that exhibits this Russian doll “halving and doubling” phenomenon.
I’1l give you a hint:
“Tangentially, it’s related to a triangle (but this time, not an equilateral triangle).”
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But first, let’s look at that other category of ratios,

the “part to part” ratio.

Let’s take a quick look at some wondrous “coincidences”
that occur with the “part to part” ratio 3:4 (actually 3/7 to 4/7)
on the “Thus the World Was Made” chart.

The 3:4 “part to part” ratio “dividing line”
of the width of the “rectangular part” of the the chart
passes through those numbers “2, 3,5, and 6.”

We’ve already seen a vertical line, which takes the same route.

That is, the “1/3 mark” of the width of the full “1 to 2 chart.
How can these lines be the same?
Well, actually they’re slightly different.

One is actually 15 3/7 grid squares
from the left edge of the chart,
while the other is 16 grid squares.

But they are close enough that they both
pass vertically through
the “2, 3,4, and 6 (which add up to 16).”

An even more revealing clue pops up

Both of these lines

pass through the
2,3,5,and 6
|

3

7
(15.42
grid squares)

1
3

(16
grid squares)

Nl

WIN

when we investigate the 3:4 “part to part” ratio’s alter ego, 4:3.
A vertical line drawn from the 4/7 mark of the chart
ascends through the tops of the vertically-written words

Corpo-ris, Spl[iritJus, and Animae.

It passes through the tops of the capitalized letters

C, S, and A, but not the lowercase letters.

This result was suspiciously similar to another demarcation line I had seen —
the line marking 3/4 of the width of the “Rectangular part” of the chart.

This line rose vertically straight through the capital letters
starting the words Tenebrae, Chrystallina, Serenitas, Citrinitas, and Anthrax.

The word Serenitas is actual indented a bit, but including it,
the capital letters along this line are: T, C, S, C and A.




p N Though C, S, and A are common letters, it’s very
The 3/4“fraction” and the 4:3 “ratio” suspicious that they occur in both these sets of words,
highlight Capitalized Letters and that they are aligned with the 4:3 ratio mark

that relate to A,S,and O and the 3/4 fraction mark.

1 This obvious clue puzzled me for quite a while.
4 It wasn’t until I was able to decipher Aphorism 18
of Dee’s Propadeumata Aphoristica

that I got what it meant.

3

4

As explained earlier, the A, S, and O of Axiom 18
are a shorthand code for “point line and circle.”

To Dee, point, line, and circle
represented retrocity, one, and zero
or oppositeness, the all, the nothing,

(the 3 essential parts of zero-one).

Omo Ol-l-l-l-l-ll

The “primary effect” of zero-retrocity one is 2,
the “secondary effect is 3,
and the tertiary “effect” is 4.

N

3
7

IIIIIIO OO

Dee’s letters ASO, which create 2, 3, and 4, are a very important basis for his mathematical cosmology.
It’s only logical that he would include them in his chart describing the Creation of the World.

I think he wanted the reader to see the capital C’s
in Chrystallina and Citrinitas as two half circles,
which could combine into the letter O.

Thus, his ASO is represented by
Anthrax, Serenitas, and Chrystallina/Citrinitas.

In the three words Corporis, Sp[irit]us, and Animae,
there is only one “half moon” C.

But the word Corporis itself can provide two O’s,
one of which he emphasized by the breaking
word into syllables by a horizontal chart line (Corpo ris).
Thus, Dee’s ASO seems to be represented by Animae, Sp[iritjus and COrpOris.

I’ll admit that this solution is a strange one,
but “point, line, and circle” are critical to Dee’s thinking.

They’re not simply in Aphorim 18, but they
comprise the very first 2 Theorems of the Monas.

And there doesn’t seem to be any other reference
to them anywhere else on this important summary chart.

(Incidentally, I think the T in Tenebrae is actually a decoy.
If Dee had listed four alchemical stages that began with the letters A,C,C, and S,
the correspondence with the CSA (of Corporis Spiritus Animae)
would have made the clue too obvious).
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Finding quarters, thirds and halves of the Title Page.

Let’s now examine how the Title Page 4 A
might be chopped up into quarters, thirds and halves.

lo
|—
|w
|ov
|oo
lo
S
I§]

Sl
i~}
Siv
i}
Sls
Slv
]
SiN
I~}
i~}
I~}
ol
ol

To make the “vertical divisions” easier to see,
I’ve divided the width into 12 parts.

Notice that the 1/2 mark is the centerline
of the page’s side-to-side symmetry
(except that the Monas symbol and emblem
are ever so slightly “off” from the line — more on this later).

The 1/4, 1/3,2/3, and 3/4 marks
don’t seem to align with anything in particular,
however, the width of the two architectural columns
seems to “fit the grid!”
(between 1/12 and 2/12; and also between 10/12 and 11/12).

But even more exciting correspondences can be found
when the architecture is sliced horizontally!
Here the height is divided into 12 parts.

Wi =---
Blw ----

NN
W = — - -
Nl—

- J

The 1/4 mark aligns with the bottom of the column (or the top of the pedestal).

The 1/3 mark aligns with a thin piece of projecting molding just above the two dew-collecting basins.
The 1/2 mark aligns with the midpoint of the columns.

The 2/3 mark aligns with another piece of projecting molding just below the words IGNIS and AER.
The 3/4 mark aligns with the top of the columns (or the bottom of the entablature).

4 )
12/12
11/12
10/12
(bottom of entablature)
9/12 3/4---> SCLLL topofocrolumn
8/12 2/3--->» <€ - - - small projecting molding
7/12
6/12 1/2---> ¢ - - - middle of column
5/12
4/12 1/3--->» <€ - - - small projecting molding
3/12 1/4---> < - - - bottom of column
2/12
1/12
0/12




These alignments aren’t readily apparent to the casual reader
because the columns are “busy” with decorative elements.
Also, because the anthropomorphized Sun and Moon symbols
are clearly not at the middle-height of the columns,
one might not suspect a grand underlying symmetry.

The “supported”
architectural elements
(entablature and*heavenly” dome)

Of particular significance is the 3/4 mark. ENNG

The“supporting”
architectural elements
(foundation and columns)

It separates the “supported” elements
(the spanning entablature and the “heavenly” dome).
from the “supporting” elements

(like the foundation which rests solidly on Earth,
and the strong columns which have
the names of the 4 Elements on them)

One way to see this as “3 to 4”
is by comparing the “supporting” elements
with the “whole” Title Page,
thus making an expression of

“Quaternary rests in the Ternary.” .
Q Ty y Comparing 3 “parts” to a “whole” of 4

is an expression of
“Quaternary rests in the Ternary”

“Heavenly Ternary”

If we express this 3:4 ratio “geometrically,”
it might be seen as “triangle:square.”

It seeems that one reason Dee intentionally
placed the “3/4 mark™ at this important place
was to make a cryptic expression
of this important theme in the Monas.

In a sense,
Dee is expressing the “Holy Trinity : Four Elements.”
It’s the the “Heavenly Ternary : Earthly Quaternary.” “Earthly Quaterary”
It’s the triangle:square faces of the cuboctahedron, This is conceptually similar to

The “Earthly Quaternary”

(which are in a 4:3 ratio with “8 triangular faces and 6 square faces.”) e e T S
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Another reason is that 3:4 is also 9:12. - ~

As I have sliced the Title Page into 12 parts, 12> messssssssnannnnnnnn<- fulheight
the 1/2 mark is at 6,
the 2/3 mark is at 8,
the 3/4 mark is at 9,

and the full height is at 12.

It seems as though Dee
is also expressing
Nicomachus’ and Boethius’

“greatest and most perfect harmony,”
“6,8,9,and 12 .

(bottom of entablature)
EEEEE NN NN NN NN <--- top of column

©
v

8§ >msssssssssssEnnnnnnn < - - - small projecting molding

6----)IIIIIIIIIIIIIIIIIIII < --- middle of column

What do you think is playing at the theater?

Next, superimposing the “48 by 36 grid” on top of the Title page
reveals a beautifully proportioned shape, which is there, yet not there.

The 24 by 24
“Theatre”
between the columns
(in the 48 by 36 overall grid)

The full height of the columns is 24 grid squares
(from pedestal to entablature).

The width of the space “between the columns”
is also 24 grid squares.

This means that what I call the “theater,”
the empty space in the middle of everything,
is a 24 by 24 square.

I’m not including the empty space between
the pedestals in what I call the theater.

That empty space, along with the many other features of this
visually busy Title page make it challenging to perceive
that the theater is square and that it is perfectly centered
(both vertically and horizontally) on the Title Page.

Let’s explore the interesting “play”
going on in Dee’s theater.



THE

TRIGONOMETRY
OF THE

MERCURIES’ SPEARS

Oh no! I hate trigonometry.
I’ve long forgotten any trigonometry I ever knew!

Don’t worry, dear reader, this chapter is easy as pie to follow,
even if you never studied trigonometry in the first place.
Even the mouthful of a word “trigonometry” is a turn-off.
But it’s elegantly simple.

Tri means “three”
gon means “corner or angle”
metria means ‘‘measurement”

Trigonometry is the measurement of triangles.

On Dee’s Title page, most of the architectural elements are at 90 degree angles to each other.
The most prominent angle is the one created by the two Mercuries’ spears.
It looks like a 60 degree angle of an equilateral triangl, but it isn’t.
It’s about 67 or 68 degrees (it’s hard to be more precise just using a protractor).

To understand what Dee is trying to tell us, we must
explore a certain aspect of trigonometry called a “tangent”

Conveniently, Dee illustrated a “tangent” in the emblem following Theorem 24.
It shows the point where a line is tangent to a circle

or as Dee pus it,
“Contact at a point.”
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A brief history of the word “tangent.”

Dee’s phrase “Contact at a point” might be boiled down to one single word: tangent.
This comes from the Latin verb tangere, which means “to touch.”

When Euclid wrote of a straight line that “is said to touch a circle” (Book 3, Definition 2)
he used the Greek word ephaptesthai, which means “to bind on to.”

When Henry Billingsley translated this in his
1570 Euclid’s Elements, he used the term “contingent”

Omitting the suffix “con,”
it’s obvious that “tingent” and “tangent”
are simply different “pronunciations” of the same word!
The Latin word contingere means “to touch each other.”

(con, “together with” + tangere, “to touch”)

In its “participle adjective” form, it becomes contact.
Contingere also morphed into our English words con-
taminate

. . . . Henry Billingsley,
and contagious (to come in “contact” with diseases). Yol

in his 1570 translation of Euclid’s Elements,
calls the upper left drawing

13 _ 1 _ b
In other words, “tangent = contingent = contact. *A contingent line”

The Danish mathematician Thomas Fincke (1561-1656) is credited
with being the first user of the word tangent (tangentibus)
in his 1583 Geometraie Rotundi (Geometry of Circles).

Interestingly, Dee (who was 34 years older than Fincke)
owned an Ephemeris that Fincke wrote for the year 1582

(the year the John Dee Tower was being built).
(An ephemeris is an astronomical almanac of the angular positions of celestial objects).

Thomas Blundeville ,in his 1594 Exercises, writes
“Our modern Geometricians have of late invented two other right lines
belonging to a Circle, called lines Tangent and lines Secant.”
A secant is simply a line which cuts a circle in 2 places.
(secare means “to cut”). (OED, tangent p. 72-3).

To summarize, contact (at a point), contingent, and tangent
all mean the same thing geometrically.
Dee is hinting that “tangent” is a clue to another of his puzzles.



A Geometric “tangent” and a Trigonometric “tangent”
are very closely related!

From high school trigonometry you will probably recall the
names of functions called “sine, cosine, and tangent.”

Using Dee’s simple illustration,
we will see how this Trigonometric “tangent”
relates to Geometric “tangent.”

Notice that Dee has drawn in two points: (

one at the point of contact
and one the center of the circle.
As per Theorem 2, it’s obvious that these two
points define a radius of the circle.

It’s also clear that the “radius line” tangent line
and the “tangent line” are perpendicular,
forming 90° right angles where they cross. -

point of

circle centerpoint

radius line

right angle

tangency

This is fine, but we still don’t have a triangle.

To make the “third side” of a triangle,
any number of lines might be drawn
through the circle’s center
which eventually cross the tangent line.

(Actually all lines, except the line parallel to the tangent line.)

Let’s take one sample line, form a triangle,
and rename the three sides in “trigonometric” terms.

As we have a right triangle,
the side opposite the right angle is the hypotenuse.

Let’s call that angle whose apex

angle A

hypotenuse

is at the center of the circle “angle A.”

“Angle A” opens up to a side called “opposite.”
And right next to it is a side called “adjacent”
(the radius of the circle).

The trigonometric function called a “tangent”
is simply the relationship between

the length of the “opposite” side " opposite

side

and the length of the “adjacent” side.

opposite
adjacent

tangent =
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2

So it’s easy to see how a “geometric tangent
relates to a “trigonometric tangent.”

We might also express this as: A

radius

“part” of the tanget line
radius

tangent = oart’

of the
tangent line

\ J

To understand how thrilling a tangent was for Dee,
let’s take a brief excursion of the exciting “History of Trigonometry”
that takes us from Greece, India, Arabia, to near the “King’s Mountain” in Germany,
and finally to Dee’s library in Elizabethan London.

The action-packed history of Trigonometry.

Carl Boyer in A History of Mathematics explains that the ancient Egyptians and Babylo-
nians studied the geometry of triangles. But as they “lacked the concept of angle measure,” they
primarily studied the interrelationships between the sides of the triangle.

Early Greek astronomers like Aristarchus (ca. 310 BC — ca. 230 BC) and Eratosthenes
(ca.276 BC — ca. 194 BC), (known for his sieve of prime numbers) worked with angles in trying
to determine the size of the earth and the distances to the sun and the moon.

Neither Euclid (ca. 300 BC) nor Archimedes (ca. 287 BC — 212 BC) dealt with trigonom-
etry “in the strict sense of the word,” but they do have geometric theorems that are equivalent to
specific laws of trigonometry.

It was Hipparchus (ca. 180 BC — ca. 125 BC) who appears to have developed the first
trigonometric tables, earning him the title: “Father of Trigonometry.” Theon reports that Hip-

parchus wrote a treatise in twelve books on “chords in a circle.” (A chord is the straight line joining the two
ends of an arc.) (Boyer, p. 162).

Its known that Menelaus (ca. 100 AD) wrote a treatise on Chords in a Circle, but only his
text on spherical triangles (3 made by connecting 3 points on a sphere) has survived.

The most influential treatise on trigonometry is Mathematical Synthesis (syn “together” + tas-
sein “to arrange™) by by Ptolemy of Alexandria (ca. 90 AD — ca. 168 AD). This work was so signifi-
cant that mathematicians called it the “megista” or the “greater” collection distinguish it from the
earlier work of Aristarchus and Hipparchus, which was called the “lesser” work.

Later, the Arab mathematicians referred to Ptolmeys book as Almagest, “the greatest”,

the name it has retained for centuries. (Note the similarity between the word Almagest and the Dee’s word “magis-
tral”).

All of Ptolemy’s trigonometric tables, and his descriptions of how he calculated them
have survived. Ptolmey also wrote important books on geography, optics and astrology (referred
to as the Tetrabiblos). (Boyer, p. 164-172).

It should be noted here that Dee owned copies of two works in Hipparchus and over 40
books by Ptolemy, including at least a half dozen copies of Almagest.



The Neoplatonist mathematicians didn’t make many advances in trigonometry. The next de-
velopments took place in India. The Indian astronomer Aryabhata (476 AD — 550 AD) first defined
“sine” as the relationship between half a chord and half an angle.

Arab mathematicians assimilated the Greek and Indian ideas. The caliph al-Mamun (809—
833) is said to have had a dream in which he conversed with Aristotle. Subsequently he ordered his
scholars to translate as many Greeks works as they could, including Euclid’s Elements and Ptolemy’s
Almagest.

Al-Mamun built a study center called the “House of Wisdom” in Baghadad. One of the
foremost teachers there was al-Khwarizmi (ca. 780 AD — ca. 850 AD) who wrote texts on arithmetic,
algebra, the astrolabe, the sundial, as well as astronomical tables. Many refer to him as the “Father
of Algebra.” He inspired generations of Arab and European mathematicians. (Boyer, p.227 and p. 230).

4 N

Greek, Indian, and Arab trigonometry up to this
point was mostly concerned with sines and cosines,
which involve the angles formed by chords of a circle.

Around 860 AD, the “tangent” function was
explored in conjunction with sundials and horometry
(time measurement). The length of the shadow made
by a vertical stick (gnomon) in the ground was called an
“Umbra recta” (“straight shadow” or “right shadow”)

N J
s A
The proportion of the A
13 M 3 p” p (13 2 adjacent /
stick height” to the “umbra recta side
is same as the “tangent” function in trigonometry.
. . . . opposite
As shown earlier, in a right triangle, the tangent of angle A side
is the opposite side compared to the adjacent side. opposite
Eangent - adjacent]
\ J
If the length of the shadow ( %i:,%
was more than 45°, it was called “umbra verso,” ) %‘%
meaning “reverse shadow” or “turned shadow,” ' . %\ N
(which corresponds to the trigonometric function of cotangent). I P ]‘ S
\ \ =<
\ \ S~ -~
When the shadow’s length was exactly 45° S
it was called “umbra media” “ambra sumbra “umbra
recta” media” LESO

(meaning “middle shadow”). \_
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horizontal
The shadow had various names because vertical sundial [‘
there were two main types of sundials: %ﬁ% sundial .
a vertical stick in the ground AN A
or a horizontal stick coming out of a wall. "\
\ umbra
When the shadow lengths of these two sundials matched, ) I
it was “umbra media.” The sun was at a 45° angle. “ymbra
media” ‘J
N J
s N
o=
Astrolabes and quadrants generally have a iy N
“shadow square” engraved on them. %,@ Z N
This is is a scale of these three kinds of umbras. % 2N
LAAARNN
shadow square
engraved on astrolabes

(& J

Around 950 AD, Abu’l-Wafa devised a new mathematical method of calculating tables
for sines, cosines, and tangents. While Ptolemy’s sine tables were calculated to 3 places (when
converted to decimal). .Abu’l Wafa’s sine tablets were calculated to 6 places.

(O’Connor and Robertson, Abu’l Wafa).

In the 900°s and 1000’s, Al-Battani, Al-Jayyani, and Omar Khayyam made further ad-
vances in trigonometric principles. In the 1300’s Al-Kashi and Ulugh Beg developed tables
calculated up to the equivalent of 8 decimal places.

In the early Renaissance, Europe finally started to explore trigonometry. Johann Miiller,
of Konigsberg was probably the most influential mathematician of the 1400’s. He preferred to be
called Regiomontanus, the Latinization of “King’s Mountain,” (which is what Konigsberg means).

He studied mathematics and astronomy in Leipzig, Vienna, and Rome. He set up a print-
ing press in Nuremberg with a goal of reprinting the works of all the Greek mathematicians. He
completed a new Latin version of Ptolemy’s Almagest which had been started by his teacher,
Georg Peurebach.

But perhaps Regiomontanus’ greatest accomplishment was
his De triangulis omnimodis. This work contained over 50 propo-
sitions about triangles, but concentrated on sines and cosines. He
wrote another book Tabulae directionum, specifically on tangents. A

Regiomontanus doesn’t actually use the word “tangent”, 100,000 -
instead uses only the word “numerus.” To avoid fractions, he used
the number 100,000 as the radius of the circle, and the “numerus” is " “numerus’

the length of the tangent line for any given degree. (Boyer, p. 275). Regiomontanus’
table of tangents
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In the 1500’s, a contemporary of Dee’s, George Rheticus of Austria (1514-1574), was
passionate about the study of triangles. In 1542, he published On De lateribus et angulis tri-
angulorum (On the Sides and Angles of Triangles), which were the sections of Copernicus’ De
revolutionibus (On Revolutions) dealing with trigonometry.

In 1551, he published Canon of the Science of Triangles, which was an introduction to his
magnum opus The Science of Triangles. This ambitious project involved computing, by hand,
about 100,000 ratios to at least 10 decimal places. Rheuticus died before its completion, but his
student Valentin Otto saw that its 1500 pages were finished and printed. These tables were so ac-
curate they were used up to the early 20th century for astronomical computations.

(Wikipedia, Georg Joachim Rheticus).

In the mid-1700’s, Leonhard Euler further analyzed the
wonders of triangles in his Introductio in analysin infinitorum.

Now-a-days, finding trigonometric functions is as easy
as pressing a button on a good hand calculator.

Dee wrote about Trigonometry

But Dee was no casual book collector. He was an astute geometer who used these theo-
rems and tables for his work in astronomy and navigation. Not only that, he wrote about his
knowledge. Prior to writing the Monas he had written 2 books called De nova Navigationum (A
New System of Navigation) and 3 books about entitled De Trigono Circinoque Analogico (The
Triangle and the Analogical Compass).

Dee mentions these works in the dedication of the Propaedeumata Aphoristica, though
they were apparently never published, and the original manuscripts are longer extant.

Trigonometry books in Dee’s library

This brief history of trigonometry serves as a background to understanding why Dee
was so excited about tangents as demonstrated in his “Contact at a Point” emblem (and in other
ways, as we shall soon see).

First, it should be noted that Dee personally owned many of these classic works on trigo-
nometry. Roberts and Watson’s catalog of Dee’s library shows that Dee owned the works of the
Greeks, Aristarchus (102, B298) and Hipparchus (270, M43f).

Dee owned over 30 books by Claudius Ptolemy including a half dozen copies of Al-
magest. He owned a manuscript copy of Al Khwarizi’s Tabulae astronomicae (Astronimical
Tables) which Roberts and Watson call “a handsome book, perhaps Dee’s finest...”

(Roberts and Watson, p. 171).

But most significantly, Dee owned 7 books by Regiomontanus (1436—-1476) including
the table of sines, De triangulus omnimodus, and the table of “tangents” Tabulae directionem.
Roberts and Watson note that Dee’s first edition copy of Regiomontanus’ 1551 Tabulae direc-
tionem was stolen when looters raided his library in 1583. Dee apparently bought a replace-
ment copy, and signed it John Dee, 1602, which now resides in the Library of the University of
Sidney in Australia. (Roberts and Watson, p. 157, D-15).

Dee also owned the Copernicus’ treatise on trigonometry that Georg Rheticus had pub-
lished in 1541 (catalog number 768). He also owned two copies of Rheticus’ Canon of the Science of
Triangles published in 1551 (catalog numbers 1274 and 1848).
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Three more clues about shadows (and thus about tangents).

99 ¢

Before explaining what all this business of “tangent tables,” “umbra recta,” and trigonom-
etry have to do with the Monas (beyond the “Contact at a Point” emblem), let me point out several important
clues which suggest that Dee had “trig” in mind.

On two back-to-back pages of is Letter to Maximillian (p. 9 and p. 9 verso), Dee weaves the
word “shadow” into the text 10 times: Umbralites, Umbra, Umbras, Umbrae, Umbris, Umbras,
umbralite, Umbrarum, Umgram, Umbratiles. Using one word this inordinate amount of times
sure suggests he wants us to be on the lookout for a clue involving shadows. (Dee also use the word
“recto” throughout the Letter to Maximillian, but a stronger clue is his capitalizations of the some-
what synonymous Greek word ORTHOTOMEIN, “to cut in a straight line”)

We’ve also seen that Dee makes three cryptic references to the camera obscura in his ad-
monitions to the professions of Astronomers, Opticians, and Experts on Weights.

(Dee, Monas, Letter to Maximillian, p. 6).

He cryptically asserts that the camera obscura is useful for astronomers to study the move-
ments of the “Caelestium Corporum,” or “Heavenly Bodies.” A key “heavenly body” is the sun,
and its motions can be observed by following the solar disc projected inside the camera obscura.

A camera obscura used this way is essentially an “inside-out sundial,” with the “hole”
acting like the “tip” of a gnomon. If the solar disc is tracked as it moves across the horizontal
floor, its “umbra recta” can be studied. If it is tracked as it moves across a vertical wall, its “umbra
verso” can be investigated.

Finally, a very graphic clue that Dee wants us to look at shadows is the fact that the archi-
tectural illustration on the front cover has a dramatic sense of light. The light appears to be coming
“from the left and above,” as it forms shadows under the entablature and on the right side of the
columns. Even the two urns reflect that directional light, which most assuredly is not emanating
from the smiling sun engraved on the left column.

The Mercury spears sing “Quaternary rests in the Ternary.”

Now that we have a clearer picture of how Dee felt about the wonders of “triangle-mea-
surement,” we can better grasp why Dee carefully positioned the spears of the two Mercuries of
the Title page to define an specific angle.

With a large plastic protractor, it’s apparent that the angle of the spears is more than 67
degrees, but less than 68 degrees. As a starting point, let’s call it call 67 1/2 degrees.

If 671/2 is the apex
of an isosceles triangle (with 2 sides equal),
the other 2 angles would be 56 1/4 degrees each.
Here’s how it looks compared
with an equilateral triangle.

673

degrees

561 5634

degrees degrees
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We can’t use trigonometry on this triangle
as “trig” requires right triangles.
But, because it’s an isosceles triangle,
we can split it in half vertically
and use “trig” on one half of it.

Half of 67.5 degrees is 33.75 degrees.
Pushing the “tan” button on my hand calculator,
I found that the tangent of 33.75 degrees was

6681786
(rounded off to 7 digits)

This was the clue that unlocked
the door to the Title Page illustration!
Here’s how:

The decimal .6681786 is very, very close to .666666...,
which is one of Dee’s favorite fractions, the harmony 2/3.

Using the hypotenuse as a diagonal, let’s draw
a rectangle 2 units wide by 3 units tall.

As the other right-triangle is the same proportion,
let’s add another same-sized rectangle.

Combining them makes a horizontal rectangle
in which the height (at the apex) to width (at base)
is in the proportion of 3 to 4.

Suddenly we have Dee’s super-favorite
“Quaternary rests in the Ternary” proportion!

In other words, those two silent spears,
when seen as the apex of an isosceles triangle
are geometrically singing the song
“Quaternary rests in the Ternary!”

, angle of 33.75 degrees

opposite

tangent = —
9 adjacent

adjacent

opposite

tangent of 33.75 degrees = .6681786
(which is approximately the fraction 2/3)

4 )
3
2
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3 3
2 2
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What the books in Dee’s library would have told him
about this angle and its tangent.

Remember, my measurement of the angle of the Mercuries’ spears
of “about 67 1/2” degrees was made visually with a protractor.
So, half of that angle, “about 33 3/4 degrees,” is still an estimate.

My hand calculator informed me that to get a tangent which is .6666666,
“angle A” must be 33.690065 degrees.
We can safely round that off to 33.69
(which is almost 33 7/10, slightly less than my 33 3/4 estimate).

Fortuitously, the nearby John Hay Library at Brown University had copies of the same books

on tangent tables by Regiomontanus and Rheticus that Dee had in his library.
Regiomontanus’ data (from the mid 1400’s) says that to get
a tangent which is .6669170, an angle of 33 3/10 is required.

His result differs from my calculator’s result only by about 4/10 of a degree.

(Regiomontanus doesn’t actually use the word tangent.
He calls this table “Canon Fecunda” or “Fruitful Catalog”).

(Regiomontanus, Joannes, Primus liber tabularum directionum,
Tubingae, Apud Haeredes Virici Morhardi, 1554)

But Rheticus’ data (from the mid 1500°s) is even more accurate.
He says that a tangent which is .6660768 results from an angle of 33 2/3 degrees.
His result differs from that of my calculator by only 2/100 of a degree!

(Georg Rheticus, Canon doctrinae triangulorum, Lipsiae,1551)

Doubling Rheticus’ figure, makes 67 1/3 degrees.
This appears to be the angle that Dee actually intended for his Mercuries’ spears.
This is extremely close to my hand-measured estimate of 67 1/2 degrees.
The difference is negligible, especially in a hand engraved illustration.

[Don’t be confused. That 33 2/3 degrees result is not “one third” of 100.
That would be 33 1/3, (like the old phonograph records).
It appears to be only coincidental that these numbers are so close.]

To summarize, by setting the two Mercuries’ spears to 67 2/3 degrees,
Dee wants us to see the relationship between 2/3 and 3/4
which are two of the three main harmonies,

But what about that third harmony, 1/2?



Actually, This 1/2 (or 2/1) harmony is implied in the relationship between 2/3 and3/4.

Halving 3/4 makes2/3.
Doubling 2/3 makes 3/4.

This interrelationship among the 3 harmonies is implicit in the Russian
Doll’s “halving and doubling dance...”
which is the “dance involving two of Dee’s illustrations”...
which is the “dance of the two Mercuries”:

<— halvings 15

Just like the Russian Dolls do a
“halving and doubling dance”...

doublings % _

<— halvings 15
"

...the Title Page and the “rectan- -

gular part” of the “Thus the World G%QOQ @
Was Created “chart do the same O
“halving and doubling dance”...

doublings % _—

<~— halvings %

...and the Mercuries do the same

“halving and doubling dance.” ""%%@@

doublings % _—
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A tangible way to ge a feel for this “dance” is to take a piece of 8 1/2 by 11 paper (orient-
ed vertically) and trim off approximately 1 inch from the right or left edge to make it 7 1/2 by 11,
which is approximately the ratio 2:3. This is the proportion the “rectangular part” of the “Thus
the World Was Created”’chart.

Fold it in half, and it becomes the 3:4 shape, proportions of the Title Page. Fold it again,
and it’s back to a 2:3 shape. Fold it again, and it’s back to 3:4. Contiue folding until you can’t
fold any more. This demonstrates the dance of “halvings.

Now, undo all those folds, and you will experience the dance of “doublings.”

All this is a very nice way to see the harmony 1/2 integrate with 2/3 and 3/4, but I think
Dee wanted us to see 1/2 integrate with these other harmonies in an even grander way!

To explain, let’s first examine where
the Mercuries’spears would point
if they were elongated downwards.

The extension of the right spear seems to nicely
intersect the lower right corner of the Title Page.
But alas, the extension of the lower left spear
clearly “misses the mark™ of that lower left corner.

(Note: The “hole in the sheild”
where the Mercuries’ spears meet
is about 28 grid squares from
the bottom of the Title Page.)

The Title page appears to be a
symphony of symmetry,
so why is the emblem askew like this?

(This is no printing error,
as the emblem and the architecture
are both engravings.)

Take a look at the two “flowing ribbons.” The right ribbon has some “breathing room”
between itself and the right column (next to the Moon).

The left ribbon actually flows behind the left column (next to the sun).

Similarly the bottom of the emblem (just below the central Lion’s face) is awkwardly nipped off
by the top of the architectural “foundation.”

Furthermore, the whole emblem is slightly askew, clockwise, with respect to the promi-
nently right-angled architectural “frame.”

This seems contradictory to Dee’s proclivity for Symmetrical perfection.

Why would Dee, who is so concerned with the perfect execution of every “jot and title,”
allow this to happen. My conclusion is that it was done intentionally, as a clue.



As explained earlier, when I first saw Dee’s Title Page, I sensed that there was something
“wrong” or “visually disturbing” about it. Here was this exquisite emblem with airy flowing
ribbons that felt visually “heavy” in the space between the columns. The bases of the columns
seemed to be “pinching” the emblem which yearns to be set free, to “float in the breeze.”

It felt as though the emblem and type
should be reversed with each other, so the
square-shaped emblem would fit into
the square-shaped “theater”
between the columns.

But there were some problems with this.

The emblem would fit with plenty of room
at the top and bottom, but the fit
on the sides would still be tight.

(Also the type, as set, would not fit very nicely
in the bottom space between the pedestals.
The Monas Hieroglyphica title would have to be set in
smaller type, and the spacing between the rest
of the lines of type would have to be made tighter.)

L Plenty of room

at the top
(and at the bottom)...

T~ buta“tight fi”

on the sides.

\ Also,
type does not
/ fit very well,
would require
resizing to fit
properly.
My first conjectured “restoration”

of the Title Page felt right,
but still had some problems.

Now, another “compromise solution” became apparent. The type might be “split up.”
The title Monas Hieroglyphica would remain fitting nicely at the top, and
Dee’s name and the dedication to King Maximillian would fit nicely below,
between the pedestals. The emblem still floats, but fits snugly in its allotted space.

4 N\
Dee’s Title page The “restored”Title Page.
(as printed in 1564.)
The emblem floats nicely between the columns.
The emblem “feels”too low and “heavy. The type is broken up, with the title on top
All of the type is clustered above it. and Dee’s and Maximillian’s name below.
The whole design has an“airier’
more “balanced”feel to it.
G J
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The bottom of the flowing ribbons now swirl freely, as if blown by a gust of wind deflect-
ing off the angled bases of the columns. Also, the Sun and Moon on the columns seem aligned
with the gracefully “indented swirls” in the middle of the ribbons.

The fact that the extended Mercuries’ spears touch e
. ...I'he top ol € hole
the top corners of the foundation seems that they paint 0
. . IS grid squares
to confirm that this was Dee’intent. above the bottom.
A triangle with a solid foundation.

As the foundation is 6 grid squares high and

the triangle is 27 grid squares high, 2
this puts the hole at the tips
of the Mercuries’ spears wercury speurs” nes 33
at 33 grid squares high. thetopofthe ?o‘:lv:gation’_\ --r-

(which is 6 grid squares above
the bottom of the illustration)...

Looking at this comparison diagram, I think even a person who is not
a graphic designer would agree that the ‘restored” Title page just “feels” better.

But why would Dee do this? Just for the fun of it?
I don’t think so. That’s not Dee’s style. This is clearly a clue. But to what?

Dee knew that most readers would assume such a finely-crafted Title Page to be “frozen,”
or “final” or “printed the way the author approved it.” But by this restoration, it’s clear that Dee
wanted the reader to “loosen things up a bit” and see the architecture and the emblem as two
separate things. Tearing them entirely apart helps see what he is describing.

Except for the gently curved dome,
- N the architecture involves straight lines,
which are all either at right angles
or parallel to each other.

JoN It is reminiscent of a
, . “geometer’s square,”’
also known as a carpenter’s square.

The emblem,
with its prominent“angle”

e architecture, (and curves lines).. The emblem, on the other hand, involves
with s ight angles.. mostly curvy things with no right angles
(except for the Cross of the Elements of the Monas symbol).

The one angle it does feature is the

67 2/3 degree angle of the Mercuries’ spears.
geeeters s, This prominent angle makes it seem like a
«geometerssquare” “geometer’s compass”
splayed open to 67-2/3 degrees.

Although this seems to be describing something
angular, remember that a geometer’s
compass is used to draw curved lines.



It should be noted that the carpenter’s square and the drafting compass
have been used symbolically for centuries. In ancient China, the mythical
scholar Fuxi carried a carpenter’s square in his hand. Albrect Diirer incor-
porated one in his famous etching “Melancholia” symbolizing the apostle
Thomas who was the patron saint of builders.

Medieval manuscripts and even the artist William Blake depicted the

Creator as a geometrician using a drafting compass to construct the globe.
(Hans Biedermann, Dictionary of Symbolism, p. 75 and 321).

Frequently the square and compass are combined, representing a
Union of Earth (square) with Heaven (circle). This union of square and circle
can be seen in the design plan of the Temple of the Heaven in Beijing China.

Nowadays the square and compass are important in the symbology of
Freemasonry, which was officially founded in 1717, long after Dee’s time.

You can be assured that the geometer and navigational expert Dee had
many differently-sized squares and compasses on his drafting table.

Utilizing this “built-in” geometer’s compass.

William Blake’s painting
“Ancient of Days”
features a geometer’s compass
opened to a right angle

And what did Dee want us to measure with the “geometer’s compass”?

He wants us to use it to measure the architecture.

So let’s “keep it loose” and use the compass
to “measure” the ‘“foundation” of the architecture.
Here, the extended lines of the Mercuries’ spears
are aligned with the bottom corners of the Title page.

This seems to be an awkward fit because much of the
emblem is cut off at the bottom.

(That’s because the hole the Mercuries’ spears point to
is now 27 grid squares high, whereas in Dee’s original
printed Title page, it was 28 grid squares high.)

But we shouldn’t
be concerned
with that cut-off,
as here we’re only using When the
the emblem as a “tool,” “Mercury spears”lines
like a caliper or are aligned with the
. . bottom corners
measuring device.

of the Title Page...\L &/’/

Even more of the bottom
of the emblem is cut off.
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Another confirming clue that Dee intended

the reader to see a triangle 27 grid squares
tall can be seen in the Biblical quote Dee
included in the foundation of the architecture.

It “just happens” to be a quote from

Genesis 27 (which he indicates).

The hole being 27 grid squares high
doesn’t seem to relate with
the height of 48 grid squares.

The fraction 27/48 is equivalent to 9/16,
which is not one of the 3 main harmonies.

One idea might be that Dee wanted us to see
two 67 2/3 degree triangles overlapping,
making diamond shape “window”
by their intersection. (Elizabethan leaded
windows were often diamond-shaped.)

And look who is peering through the window.
It’s Dee himself, in the guise of his
astrological sign of Cancer the crab (or lobster). > tri

triangles
nicely frame Dee’s
“crustacean self-portrait”

. . .. . When the 2 triangles
As interesting as this is, the diamond overlap are tip to tipg

still seems a little awkward, geometrically speaking. the top one

It would be more in keeping with Dee’s thinking goes off the Title Page
if the two triangles were “tip to tip.”

(much like the tip to tip tetrahedra of the cuboctahedron,

even though we’re not dealing with equilateral triangles here)

This would make two equal sized triangles:
a “perfect pair,” just like the Sun and the Moon;
or the upright and inverted Monas symbols;
or indeed, the two Mercuries.

However, two tip to tip triangles
would position the upper triangle’s base
off the top of the Title page,

(up to 54 grid squares in height).

Going off the page like thi